Introduction
State vectors

Stern Gerlach experiment

7

collimator

In the Stern Gerlach experiment

e silver atoms are heated in an oven, from which they
escape through a narrow slit,

e the atoms pass through a collimator and enter an
inhomogenous magnetic field, we assume the field to
be uniform in the xy-plane and to vary in the
z-direction,

e a detector measures the intensity of the electrons
emerging from the magnetic field as a function of z.

We know that

e 46 of the 47 electrons of a silver atom form a
spherically symmetric shell and the angular
momentum of the electron outside the shell is zero,
so the magnetic moment due to the orbital motion of
the electrons is zero,

e the magnetic moment of an electron is ¢S, where S
is the spin of an electron,

e the spins of electrons cancel pairwise,

e thus the magnetic moment p of an silver atom is
almost solely due to the spin of a single electron, i.e.
p=cS,

e the potential energy of a magnetic moment in the
magnetic field B is —u - B, so the force acting in the
z-direction on the silver atoms is

0B,

F, = p. 9z

So the measurement of the intensity tells how the
z-component the angular momentum of the silver atoms
passing through the magnetic field is distributed. Because
the atoms emerging from the oven are randomly oriented
we would expect the intensity to behave as shown below.

> i

classically

In reality the beam is observed to split into two
components.

in reality

Based on the measurements one can evaluate the
z-components S, of the angular momentum of the atoms
and find out that

e for the upper distribution S, = h/2.
e for the lower distribution S, = —h/2.

In quantum mechanics we say that the atoms are in the
angular momentum states ii/2 and —h /2.

The state vector is a mathematical tool used to represent
the states. Atoms reaching the detector can be described,
for example, by the ket-vectors |S,; 1) and |S;; |).
Associated with the ket-vectors there are dual bra-vectors
(Sz;7 | and (S,; | |. State vectors are assumed

e to be a complete description of the described system,

e to form a linear (Hilbert) space, so the associated
mathematics is the theory of (infinite dimensional)
linear spaces.

When the atoms leave the oven there is no reason to
expect the angular momentum of each atom to be
oriented along the z-axis. Since the state vectors form a
linear space also the superposition

cr]Sz; 1) + ¢Sz 1)

is a state vector which obviously describes an atom with
angular momentum along both positive and negative
z-axis.

The magnet in the Stern Gerlach experiment can be
thought as an apparatus measuring the z-component of
the angular momentum. We saw that after the
measurement the atoms are in a definite angular
momentum state, i.e. in the measurement the state

ct|Sz; 1) +ey|Sz; 1)

collapses either to the state |S;; 1) or to the state |\Sy; ).
A generalization leads us to the measuring postulates of
quantum mechanics:

Postulate 1 FEvery measurable quantity is associated
with a Hermitean operator whose eigenvectors form a
complete basis (of a Hilbert space),

and

Postulate 2 In a measurement the system makes a
transition to an eigenstate of the corresponding operator
and the result is the eigenvalue associated with that
eigenvector.

If A is a measurable quantity and A the corresponding
Hermitean operator then an arbitrary state |«) can be
described as the superposition

ja) = carla’),
al
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where the vectors |a’) satisfy
Ald")y = d'|a’).
The measuring event A can be depicted symbolically as
) < [a').

In the Stern Gerlach experiment the measurable quantity
is the z-component of the spin. We denote the measuring
event by and the corresponding Hermitean
operator by S,. We get

h
h
Sz|Szyl> = _§|527l>
|SZ;O‘> = CT|SZ§T>+CL|SZ§~L>
SGz
|S:;0) —=— |S,;1) or
SGz
|Sz§a> - |Sz§l>-

Because the vectors |a') in the relation
Ala"y = d'|a’)

are eigenvectors of an Hermitean operator they are
orthognal with each other. We also suppose that they are
normalized, i.e.

<a'|a”> = 5a’a”~

Due to the completeness of the vector set they satisfy
Y la)d| =1,
a/

where 1 stands for the identity operator. This property is
called the closure. Using the orthonormality the
coefficients in the superposition

) = 3" ewla')

can be written as the scalar product
co = {d']a).

An arbitrary linear operator B can in turn be written
with the help of a complete basis {|a’)} as

B= Y |a){d|Bla"){a"]

a’ ,a//

Abstract operators can be represented as matrices:

la1) |laz) las)
(a1] [(a1|Bla1) (a1|Blaz) (a1|Blas)
B (az| | (az|Bla1) (az2|Blaz) (az|Blas)

(as| | (as|Bla1) (a3|Blaz) (as|Blas)

Note The matrix representation is not unique, but
depends on the basis. In the case of our example we get
the 2 x 2-matrix representation

A1 0
SZH§<0 —1)’

when we use the set {|S;;1),|5%; 1)} as the basis. The
base vectors map then to the unit vectors

s = ()
s~ ()

of the two dimensional Euclidean space.

Although the matrix representations are not unique they
are related in a rather simple way. Namely, we know that
Theorem 1 If both of the basis {|a’)} and {|b')} are
orthonormalized and complete then there exists a unitary
operator U so that

|b1) = Ulai), |b2) = Ulaz), |b3) = Ulas), . ..

If now X is the representation of an operaor A in the
basis {|a’)} the representation X’ in the basis {|0/)} is
obtained by the similarity transformation

X' =T'XT,

where T is the representation of the base transformation
operator U in the basis {|a’)}. Due to the unitarity of the
operator U the matrix T is a unitary matrix.

Since

e an abstract state vector, excluding an arbitrary
phase factor, uniquely describes the physical system,

e the states can be written as superpositions of
different base sets, and so the abstract operators can
take different matrix forms,

the physics must be contained in the invariant propertices
of these matrices. We know that

Theorem 2 If T is a unitary matriz, then the matrices
X and T'XT have the same trace and the same
eigenvalues.

The same theorem is valid also for operators when the
trace is defined as

trAd =Y (d'|Ald).

Since

e quite obviously operators and matrices representing
them have the same trace and the same eigenvalues,

e due to the postulates 1 and 2 corresponding to a
measurable quantity there exists an Hermitean
operator and the measuring results are eigenvalues of
this operator,



the results of measurements are independent on the
particular representation and, in addition, every
measuring event corresponding to an operator reachable
by a similarity transformation, gives the same results.
Which one of the possible eigenvalues will be the result of
a measurement is clarified by

Postulate 3 If A is the Hermitean operator
corresponding to the measurement A, {|a’)} the
eigenvectors of A associated with the eigenvalues {a'},
then the probability for the result a’ is |ca|?> when the
system to be measured is in the state

) =Y carld).

Only if the system already before the measurement is in a
definite eigenstate the result can be predicted exactly.

For example, in the Stern Gerlach experiment we
can block the emerging lower beam so that the spins of
the remaining atoms are oriented along the positive
z-axis. We say that the system is prepared to the state

|S251).

- N SGA
SG?Z _Szf -

If we now let the polarized beam to pass through a new
experiment we see that the beam from the latter
experiment does not split any more. According to the
postulate this result can be predicted exactly.

We see that

e the postulate can also be interpreted so that the
quantities |cq/|? tell the probability for the system
being in the state |a’),

e the physical meaning of the matrix element («|A|a)
is then the expectation value (average) of the
measurement and

e the normalization condition («|a) =1 says that the
system is in one of the states |a’).

Instead of measuring the spin z-component of the atoms
with spin polarized along the z-axis we let this polarized

beam go through the experiment. The result is

exactly like in a single experiment: the beam is
again splitted into two components of equal intensity, this
time, however, in the x-direction.

- sl SGA Sx¢
SGz _Szf *

So, we have performed the experiment

—

1S5 1) |Sz; 1) or

-SGA
1S2: 1) g |Sz; 1)

Again the analysis of the experiment gives S, = //2 and
Sy = —h/2 as the z-components of the angular momenta.
We can thus deduce that the state |\S;;1) is, in fact, the
superposition

1823 1) = e111S23 1) + €11 [Sz3 1)

For the other component we have correspondingly

1525 1) = ¢11|Sz; 1) + ¢y ]Sas; 1)

When the intensities are equal the coeffiecients satisfy

el = len| = —
c = e —
1T Tl \/5

1
leprl = leyyl —

V2

according to the postulate 3. Excluding a phase factor,
our postulates determine the transformation coefficients.
When we also take into account the orthogonality of the
state vectors |S,; T) and |S,; |) we can write

1 1

IS:;1) = \/Q'Sx§T>+\/§|Sw§l>
701 L . 7L .
5. = e (slsan - i)

There is nothing special in the direction &, nor for that
matter, in any other direction. We could equally well let

the beam pass through a experiment, from which
we could deduce the relations

1 1
. _ 92 L . _L .
S50 = e (5Isn - lS,) ).

or we could first do the experiment and then the

experiment which would give us

ei(§3 ei64
1Sz 1) = ﬁ|5ny>+%|5y7l>

i(§3 i64
1S.51) = %wymf%wy;w.

In other words

[(Sy; T1Se; T = [(Sy; L 1825 1)

S

[(Sy; T1Se; ) = [(Sy; L 1Ses 1) =

We can now deduce that the unknown phase factors must
satisfy
52—51 :71'/2 or —7T/2.

A common choice is 4; = 0, so we get, for example,

1 1
IS:; 1) = E'SwT)—i_E'Sx’l)
1 1
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Thinking like in classical mechanics, we would expect
both the z- and xz-components of the spin of the atoms in
the upper beam passed through the | SGz | and | SGa |
experiments to be S, , = /2. On the other hand, we can
reverse the relations above and get

1
|Se; 1) = —QISZ;D + 2 1),

1
V2
so the spin state parallel to the positive z-axis is actually
a superposition of the spin states parallel to the positive
and negative z-axis. A Stern Gerlach experiment confirms

this.

St
S SI» G| S.4
......... 9 ..........>
..... S SG/Z\ SZ¢ X 2

After the last measurement we see the beam
splitting again into two equally intensive componenents.
The experiment tells us that there are quantitities which
cannot be measured simultaneously. In this case it is
impossible to determine simultaneously both the z- and
z-components of the spin. Measuring the one causes the
atom to go to a state where both possible results of the
other are present.

We know that

Theorem 3 Commuting operators have common
etgenvectors.

When we measure the quantity associated with an
operator A the system goes to an eigenstate |a’) of A. If
now B commutes with A, i.e.

[A7 B] =0,

then |a’) is also an eigenstate of B. When we measure the
quantity associated with the operator B while the system
is already in an eigenstate of B we get as the result the
corresponding eigenvalue of B. So, in this case we can
measure both quantities simultaneously.

On the other hand, S, and S, cannot be measured
simultaneously, so we can deduce that

[Sz, S:] # 0.

So, in our example a single Stern Gerlach experiment
gives as much information as possible (as far as only the
spin is concerned), consecutive Stern Gerlach experiments
cannot reveal anything new.

In general, if we are interested in quantities associated
with commuting operators, the states must be
characterized by eigenvalues of all these operators. In
many cases quantum mechanical problems can be reduced
to the tasks to find the set of all possible commuting
operators (and their eigenvalues). Once this set is found
the states can be classified completely using the
eigenvalues of the operators.
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Translations

The previous discrete spectrum state vector formalism
can be generalized also to continuos cases, in practice, by
replacing

e summations with integrations
e Kronecker’s d-function with Dirac’s é-function.
A typical continuous case is the measurement of position:

e the operator x corresponding to the measurement of
the x-coordinate of the position is Hermitean,

e the eigenvalues {2’} of z are real,
e the eigenvectors {|2’)} form a complete basis.

So, we have

zlz')y = 2'|7’)
|- [ da' |2/} (|
@ = [ )

where |« is an arbitrary state vector. The quantity
(2'|a) is called a wave function and is usually written
down using the function notation

(@) = tpa(a').

Obviously, looking at the expansion
@) = [ ey,

the quantity |1, (z")|?d2’ can be interpreted according to
the postulate 3 as the probability for the state being
localized in the neighborhood (2, 2’ + dz’) of the point z’.
The position can be generalized to three dimension. We
denote by |x') the simultaneous eigenvector of the
operators z, y and z, i.e.

') = |2y, %)

zla’) = la’), ylz')=ylz’), z[2') =2|2).
The exsistence of the common eigenvector requires

commutativity of the corresponding operators:
[l‘i, .Z‘j} =0.

Let us suppose that the state of the system is localized at
the point x’. We consider an operation which transforms
this state to another state, this time localized at the point
x’ + dx’, all other observables keeping their values. This
operation is called an infinitesimal translation. The
corresponding operator is denoted by 7 (dx’):

T(da')|a') = &’ + da').

The state vector on the right hand side is again an
eigenstate of the position operator. Quite obviously, the
vector |@') is not an eigenstate of the operator 7 (dz’).

The effect of an infinitesimal translation on an arbitrary
state can be seen by expanding it using position
eigenstates:

la) — T (dz")|a) = T(daz”)/dgx’ |z") (2 |r)

- / B’ 2 + da") (2 |a)
— [ ) a’ - da'a),

because x’ is an ordinary integration variable.
To construct 7 (dz’) explicitely we need extra constraints:

1. it is natural to require that it preserves the
normalization (i.e. the conservation of probability) of
the state vectors:

(ala) = (a|TT(dz")T (dz')|c).
This is satisfied if 7 (dz’)is unitary, i.e.

T1(dx' )T (dz') = 1.

2. we require that two consecutive translations are
equivalent to a single combined transformation:

T(de" YT (dx") = T (dx’ + dx’").

3. the translation to the opposite direction is equivalent
to the inverse of the original translation:

T(—dz') =T~ 1(dz').
4. we end up with the identity operator when dx’ — 0:

lim 7 (dz’) =1.
dx’'—o

It is easy to see that the operator
T(dx')=1—-iK -da’,

where the components K,, K, and K, of the vector K
are Hermitean operators, satisfies all four conditions.
Using the definition

T(dz')|x') = |’ + dz’)
we can show that
[z, 7 (dz')] = dx'.
Substituting the explicit reprersentation
T(dx')=1—-1K - da’

it is now easy to prove the commutation relation

[xi,Kj] = ’L(S”
The equations
Td2') = 1—iK-dx
T (dz')|x') |z’ + dz’)



can be considered as the definition of K.

One would expect the operator K to have something to
do with the momentum. It is, however, not quite the
momentum, because its dimension is 1/length. Writing

p=hK

we get an operator p, with dimension of momentum. We
take this as the definition of the momemtum. The
commutation relation

[l’i7 KJ] = 2(52]
can now be written in a familiar form like
[mi,pﬂ = zhém

Finite translations
Consider translation of the distance Ax’ along the z-axis:

T(AZ'z)|2) = &’ + Aa'#).

We construct this translation combining infinitesimal
translations of distance Az’ /N letting N — oo:

. 1 1P AT’ N

_ exp( ipg,-Ax’>
_ ~Be2T ).

It is relatively easy to show that the translation operators
satisfy

2
>
&\

2
I

[T(Ay'y), T(Az'z)] =0,

so it follows that

[pyvpx] =0.
Generally

[pi,p;] = 0.
This commutation relation tells that it is possible to
construct a state vector which is a simultaneous
eigenvector of all components of the momentum operator,
i.e. there exists a vector

p') = P Py L)
so that
p=|p’) = p.|p’).

pe|P’) =0, 1P"),  pyIP") =P ID),

The effect of the translation 7 (de’) on an eigenstate of
the momentum operator is

Tlae!)lp) = (1= 25 ) ) = (1= P25 ) o)

The state |p’) is thus an eigenstate of 7 (dx’): a result,
which we could have predicted because

[p,7 (dx')] = 0.

Note The eigenvalues of 7 (dx') are complex because it is
not Hermitean.

So, we have derived the canonical commutation relations
or fundamental commutation relations

Recall, that the projection of the state |a) along the state
vector |z') was called the wave function and was denoted
like 1), (2’). Since the vectors |z’) form a complete basis
the scalar product between the states |«) and |3) can be
written with the help of the wave functions as

mw=/mwm%&w=/ww%w%wx

i.e. (B|a) tells how much the wave functions overlap. If
|a’) is an eigenstate of A we define the corresponding
eigenfunction uq (') like

ug (x') = (a'|a’).

An arbitrary wave function v, (x’) can be expanded using
eigenfunctions as

ho(z') = Z Cartar (T').

The matrix element (3|A|a) of an operator A can also be
expressed with the help of eigenfunctions like

Blala) = [da' [ da (1) A" ")
- /dm' /d:lc" Y5 (") (2! [Alz" ) o ().

To apply this formula we have to evaluate the matrix

elements (z'|A|z”), which in general are functions of the

two variables 2’ and z”/. When A depends only on the
position operator x,

A= f(z),
the calculations are much simpler:
(Bl5@la) = [ da' w311 Youla)

Note f(z) on the left hand side is an operator while f(z')
on the right hand side is an ordinary number.

Momentum operator p in position basis {|z)}

For simplicity we consider the one dimensional case.
According to the equation

T(dx")|a) = T(d:c”)/d?’x’\a:’><w'|a>
= /d3x’ |z’ + dx") (' |a)
= /d?’x' |z") (z' — dz” |a)

we can write

N d 1!
(1_ zphz > a)




_ / da' T(dz") |z} (')
:/dx' ') (@’
:/d:c’ ') <<a:’|a>dx”8i< Ia>)

In the last step we have expanded (z’ — dz”|a) as Taylor
series. Comparing both sides of the equation we see that

o) = [[as' ) (=it (wle)).

or, taking scalar product with a position eigenstate on
both sides,

—da" o)

(@' lpla) = ~ih (2" |a).
In particular, if we choose |a) = |2') we get
/ " a
(@/lpla”) = —ih- (s’ — "),

Taking scalar product with an arbitrary state vector |3)

on both sides of
/da? |z") (—zh( ’|a>>

we get the important relation
0
) Vel

(Blpla) = /dw’w;;(x’) (—zh

Just like the position eigenvalues also the momentum

eigenvalues p’ comprise a continuum. Analogically we can

define the momentum space wave function as

(0’| = da(p).

We can move between the momentum and configuration
space representations with help of the relations

/ dp’ (2/|p') (')
/ d’ (/| ) (|-

The transformation function (z’|p’) can be evaluated by
substituting a momentum eigenvector |p’) for |a) into

(@'a) =

(Pla) =

)
(&/lpla) = —ih—(x']).
Then 5
(@'lplp’) = p'(@'lp) = =iz (a'lp').

The solution of this differential equation is

- o]
) = o (1),

where the normalization factor C' can be determined from

the identity

(@'l = / dp' (') (' |2").

Here the left hand side is simply §(z’ — ) and the
integration of the left hand side gives 27h|C|?6(2’ — 2”).
Thus the transformation function is

(@'[p') =

1 . (ip T )
X )
V2mh P

/ dp’ (') (')

[ @),

and the relations
= (2|0} =
= {Play =

can be written as familiar Fourier transforms

/

] for oo (3)
] oo ()

<

)

’B\
|




Time evolution operator
In quantum mechanics

e unlike position, time is not an observable.

e there is no Hermitean operator whose eigenvalues
were the time of the system.

e time appears only as a parameter, not as a
measurable quantity.

So, contradictory to teachings of the relativity theory,
time and position are not on equal standing. In
relativistic quantum field theories the equality is restored
by degrading also the position down to the parameter
level.
We consider a system which at the moment ¢y is in the
state |o). When time goes on there is no reason to expect
it to remain in this state. We suppose that at a later
moment t the system is described by the state

|Oé,t0;t>, (t > tO)a

where the parameter t; reminds us that exactly at that
moment the system was in the state o). Since the time is
a continuous parameter we obviously have

th—>nt10 la, to; t) = |,
and can use the shorter notation
la, to; to) = |, to).
Let’s see, how state vectors evolve when time goes on:

evolution
) —

|a7t0 Oé,to;t).

We work like we did with translations. We define the
time evolution operator U(t,ty):

|Oz, to; t> = U(t, to)|0¢, t0>7
which must satisfy physically relevant conditions.

1. Conservation of probability
We expand the state at the moment ¢ty with the help of
the eigenstates of an observable A:

o) = > car(to)|a).
a/
At a later moment we get the expansion

o, to; t) = Y car(t)]d).

In general, we cannot expect the probability for the
system being in a specific state |a’) to remain constant,
i.e. in most cases

|car (8)] # |car (to)]-

For example, when a spin % particle, which at the
moment tg is in the state |S;; 1), is subjected to an

external constant magnetic field parallel to the z-axis, it
will precess in the xy-plane: the probability for the result

1,/2 in the measurement oscillates between 0 and 1
as a function of time. In any case, the probability for the
result /2 or —h/2 remains always as the constant 1.
Generalizing, it is natural to require that

D lear(to)* =D lear (DI

In other words, the normalization of the states does not
depend on time:

<Oé,t0‘04,t0> = <Oé7t0;t‘04,t0;t>
= (o, to|UT (¢, to)U(t, to)|ex, o).

This is satisfied if we require U(t, tp) to be unitary, i.e.

UT(t, to)U(t, to) = 1.

2. Composition property

The evolution from the time ¢y to a later time t5 should

be equivalent to the evolution from the initial time ¢¢ to

an intermediate time ¢; followed by the evolution from ¢;
to the final time t5, i.e.

U(tg,to) = Z/[(tz,tl)Z/[(thto), (tz >t > to).

Like in the case of the translation operator we will first
look at the infinitesimal evolution

v, tos to + dt) = U(to + dt, to)| v, to).
Due to the continuity condition

Jim [a to; ) = o)

we have
lim Z/{(to + dt,to) =1.
dt—0

So, we can assume the deviations of the operator
U(to + dt,tp) from the identity operator to be of the order
dt. When we now set

U(to + dt,to) =1 —1iQdt,

where () is a Hermitean operator, we see that it satisfies
the composition condition

U(tg,to) = M(tg,tl)u(tl,to), (tg >t > to),

is unitary and deviates from the identity operator by the
term O(dt).

The physical meaning of 2 will be revealed when we
recall that in classical mechanics the Hamiltonian
generates the time evolution. From the definition

Ulto + dt, to) = 1 — iQdt

we see that the dimension of € is frequency, so it must be
multiplied by a factor before associating it with the
Hamiltonian operator H:

H = hQ,



or
iH dt

o
The factor h here is not necessarily the same as the factor
h in the case of translations. It turns out, however, that
in order to recover Newton’s equations of motion in the
classical limit both coefficients must be equal.
Applying the composition property

U(ta,to) = U(ta, t1)U(t1, to),

Uty +dt, to) =1 —

(tz >t > t())
we get

Ut +dt,ty) = UL+ dt, Ut o)
. H
= (1 - ! hdt) u(t>t0)7

where the time difference t — t¢ does not need to be
infinitesimal. This can be written as

Ut + dt, to) — Ut to) = —i (g) AUt 1y).

Expanding the left hand side as the Taylor series we end
up with

L 0
Zhau@, to) = HZ/[(t,to).

This is the Schrodinger equation of the time evolution
operator. Multiplying both sides by the state vector
la, o) we get

0
’th?x[(t, to)‘a, t0> = HU(t, t0)|a, t0>.
Since the state |a, tg) is independent on the time ¢ we can
write the Schrodinger equation of the state vectors in the
form

0
ih§|a,t0;t> = Hla, to; t).

In fact, in most cases the state vector Schrodinger
equation is unnecessary because all information about the
dynamics of the system is contained in the time evolution
operator U(t, tp). When this operator is known the state
of the system at any moment is obtained by applying the
definition

|a, to; t> = Z/{(t, 15())|O[7 t()>,

We consider three cases:

(i) The Hamiltonian does not depend on time. For example,
a spin % particle in a time independent magnetic field
belongs to this category. The solution of the equation

0
Zhau@,to) = HZ/[(t,to)
is -
Z/[(t,t()) = exp |:—Z(th_t0):|

as can be shown by expanding the exponential function as
the Taylor series and differentiating term by term with
respect to the time. Another way to get the solution is to
compose the finite evolution from the infinitesimal ones:

(Z'H/njs;e - to)]N iH(t— to)] '

li 1-—

= exp {—

(ii) The Hamiltonain H depends on time but the operators
H corresponding to different moments of time commute.
For example, a spin 3 particle in the magnetic field whose
strength varies but direction remains constant as a
function of time. A formal solution of the equation

L 0
Zh@lx[(t,to) = HU(t, to)

U(t,tp) = exp [— (;) /t: dt’H(t’)} ,

which, again, can be proved by expanding the exponential
function as the series.

(iii) The operators H evaluated at different moments of
time do not commute For example, a spin % particle in a
magnetic field whose direction changes in the course of
time: H is proportional to the term S - B and if now, at
the moment ¢ = ¢; the magnetic field is parallel to the
r-axis and, at the moment ¢t = t5 parallel to the y-axis,
then H(t1) < BS, and H(t2) < BS,, or

[H(t1), H(t2)] o< B?[S;,S,] # 0. It can be shown that the
formal solution of the Schrédinger equation is now

is now

u(t7t0) =
[eS) i no ot t1
1+Z() /dtl/ dto---
n=1 h to to
th—1
/ o H(t)H(ts) - H(t,).
to

This expansion is called the Dyson series. We will assume
that our Hamiltonians are time independent until we
start working with the so called interaction picture.
Suppose that A is an Hermitean operator and

[A, H] = 0.

Then the eigenstates of A are also eigenstates of H, called
energy eigenstates. Denoting corresponding eigenvalues of
the Hamiltonian as E,, we have

Hld') = Eyd’).

The time evolution operator can now be written with the
help of these eigenstates. Choosing tg = 0 we get

S S e (-5 )l
Sl () )

Using this form for the time evolution operator we can
solve every intial value problem provided that we can
expand the initial state with the set {|a’)}. If, for
example, the initial state can be expanded as

javto = 0) = Y la)a'la) = 3 cula’),




we get

la,tg = 0;8) =

tHt
exp (_h) la, to = 0)
ke layenn (-5

In other words, the expansion coefficients evolve in the
course of time as

o
Car(t =0) — co(t) = o (t = 0) exp (_z gt) .

So, the absolute values of the coefficients remain
constant. The relative phase between different
components will, however, change in the course of time
because the oscillation frequencies of different
components differ from each other.

As a special case we consider an initial state consisting of
a single eigenstate:

la, to = 0) = |a’).

At some later moment this state has evolved to the state

Bt
la, to = 0;t) = |a’) exp (—Z ) .

h

Hence, if the system originally is in an eigenstate of the
Hamiltonian H and the operator A it stays there forever.
Only the phase factor exp(—iE,/t/h) can vary. In this
sense the observables whose corresponding operators
commute with the Hamiltonian, are constants of motion.
Observables (or operators) associated with mutually
commuting operators are called compatible. As mentioned
before, the treatment of a physical problem can in many
cases be reduced to the search for a maximal set of
compatible operators. If the operators A, B, C, ... belong
to this set, i.e.

[A,B]=[B,C] =[A,C]=--- =0,
and if, furthermore,
[A,H]=[B,H|=[C,H]=---=0,

that is, also the Hamiltonian is compatible with other
operators, then the time evolution operator can be
written as

exp (—?) = Z ‘K/> exp (_ZE;;/t) <K/|
K/

Here K’ stands for the collective index:

A"y = d'|K"), BIK') =V|K"), C|K') = ¢|K"), ...

Thus, the quantum dynamics is completely solved (when
H does not depend on time) if we only can find a
mazimal set of compatible operators commuting also with
the Hamiltonian.

Let’s now look at the expectation value of an operator.
We first assume, that at the moment ¢ = 0 the system is

in an eigenstate |a’) of an operator A commuting with the
Hamiltonian H. Suppose, we are interested in the
expectation value of an operator B which does not
necessarily commute either with A or with H. At the
moment t the system is in the state

la’,to = 0;t) = U(t,0)|a’).
In this special case we have

(B) = (d'[U'(t,0)BU(t,0)|a")

Bt Bt
(a'| exp (Z a )Bexp (—Zﬁ> la’)
(a/|Bla’),

that is, the expectation value does not depend on time.
For this reason the energy eigenstates are usually called
stationary states

We now look at the expectation value in a superposition
of energy eigenstates, in a non stationary state

|, tg = 0) = Zcﬂa’}.

It is easy to see, that the expectation value of B is now

[_z‘(Eau 7; Ea/)t} '

(B) =Y ciicar(d|Bla") exp

a’  a

This time the expectation value consists of terms which
oscillate with frequences determind by the Bohr
frequency condition

As an application we look at how spin % particles behave
in a constant magnetic field. When we assume the
magnetic moments of the particles to be efi/2m.c (like
electrons), the Hamiltonian is

H:—( € >S~B.
MeC

If we choose B || z, we have

H:—(eB>SZ.
MeC

The operators H and S, differ only by a constant factor,
so they obviously commute and the eigenstates of S, are
also energy eigenstates with energies

hB
E, = - 26mec for state [S,; 1)
ehB
E = for s 2 1)
| Smc or state |.S;;])

We define the cyclotron frequency w. so that the energy
difference between the states is hw,:

_ |elB

MeC

C



The Hamiltonian H can now be written as
H= wcsz7

when we assume that e < 0.
All information about the evolution of the system is
contained in the operator

U(t,0) = exp (— chhszt> .

If at the moment ¢ = 0 the system is in the state

|Oé> = CT|Sz; T> + cl|Sz; l>’

it is easy to see that at the moment ¢ it is in the state

.t
|, tg = 0;t) = cTexp(w; )|SZ;T>

wet
2

+cy exp <+ > 1S5 1)

If the initial state happens to be |S,; 1), meaning that in
the previous equation
= ]., C| = 0,

we see that the system will stay in this state at all times.
This was to be expected because the state is stationary.
We now assume that the initial state is |S;; T). From the
relation

1
V2

S

|S;caT> = \/§

1S2;T) + —=152; 1)

we see that .

CT = Cl = ﬁ
For the probabilities that at the moment ¢ the system is
in eigenstates of S, we get

et
1(Sz; 1 |a,to = 0;1)]> = cos? w2

ot
1(Sz; | |a,to = 0;)> = sin? w2 )

Even if the spin originally were parallel to the positive
z-axis a magnetic field parallel to the z-axis makes the
direction of the spin to rotate. There is a finite
probability for finding the system at some later moment
in the state |S,;|). The sum of probabilities
corresponding to different orientations is 1.

It is easy to see that the expectation values of the
operator S satisfy

55 = (2o
(S,) = (Z)Sm“’ct
(S.) = 0.

Physically this means that the spin precesses in the
zy-plane.

Lastly we look at how the statevectors corresponding to
different times are correlated. Suppose that at the
moment ¢ = 0 the system is described by the state vector
|cr), which in the course of time evolves to the state

|, to = 0;t). We define the correlation amplitude C(t) as

C(t) = <a|a7t0 = 0;t>
= ({alu(t,0)|a).
The absolute value of the correlation amplitude tells us
how much the states associated with different moments of

time resemble each other.
In particular, if the initial state is an energy eigenstate

|a’), then
1Bt
C(t) =exp (— . ) ,

and the absolute value of the correlation amplitude is 1 at
all times. When the initial state is a superposition of
energy eigenstates we get

iEqt
C(t) = Z |car|? exp ( N > .

a’

When ¢ is relatively large the terms in the sum oscillate
rapidly with different frequencies and hence most
probably cancel each other. Thus we expect the
correlation amplitude decreasing rather rapidly from its
initial value 1 at the moment ¢ = 0.

We can estimate the value of the expression

1Eqt
Ct) = 3 lewexp (-1 )

a’

more concretely when we suppose that the statevectors of
the system comprise so many, nearly degenerate, energy
eigenvectors that we can think them almost to form a
continuum. Then the summation can be replaced by the
integration

Z —>/dEp(E>7 car — g(E)

EzEa/

where p(E) is the density of the energy eigenstates. The
expression

1Byt
Ct) = X lewexp (-1

a’

can now be written as
c)= [ ap o) PoEren (-5 ).
which must satisfy the normalization condition
[aEigE@)roE -1

In many realistic physical cases |g(E)|>p(E) is
concentrated into a small neighborhood (size AFE) of a



point E = Ey. Rewriting the integral representation as

Clt) = exp (—ZEﬁ"t)
« [aBl®)Rom e |- LN,

we see that when t increases the integrand oscillates very
rapidly except when the energy interval |E — Ey| is small
as compared with 7/t. If the interval, which satisfies

|E — Ey| = h/t, is much shorter than AE —the interval
from which the integral picks up its contribution—, the
correlation amplitudes practically vanishes. The
characteristic time, after which the absolute value of the
correlation amplitude deviates significantly from its initial
value 1, is

_h

N

Although this equation was derived for a quasi continuous
energy spectrum it is also valid for the two state system
in our spin precession example: the initial state [Sy; 1)
starts to lose its identity after the time

~1l/w.=h/(E}; — E|) as we can see from the equation

t

wet
[(Se; 1 |ev, to = 05 8)|% = cos® .

As a summary we can say that due to the evolution the
state vector describing the initial state of the system will
not any more describe it after a time interval of order
I/AE. This property is often called the time and energy
uncertainty relation. Note, however, that this relation is
of completely different character than the uncertainty
relation concerning position and momentum because time
is not a quantum mechanical observable.



Quantum statistics
Density operator:

p=> wiloi) ol
1
is

e Hermitean:

e normalized:
trp = 1.

Density matrix:

(" |plt)y = Zw, b o) (i)

Ensemble average:

[A]

DD el (b A"

b/ bl/
tr(pA).

Dynamics

loi) = |ags to) — |, tost)

We suppose that the occupation of states is conserved, i.e.

w; = constant.

= wilay, to; )
A

Now
ag, tost,

SO

. Op L 0
Zha = wa (zhatlai,to;ﬂ) <O‘i7t0§t|

T
+sz|az,t0a (ZFL a |Oé“to,t>>

Like Heisenberg’s equation of motion, but wrong sign!
OK, since p is not an observable.

Continuum
Example:

:/d3$//d3$// (:B”|p|w’>(w’|A|a:”>.

Here the density matrix is

(" (Z wi|ov;) <Oéz‘|> |")
Zwiwi(-’ﬂ")iﬁ(ﬂf')-

(@"plz") =

Note

Zwllwz

x'|plx’)

Thermodynamics

We define
o= —tr(plnp).

One can show that

e for a completely stochastic ensemble
oc=1InN,

when N is the number of the independent states in
the system.

e for a pure ensemble

oc=0.

Hence o measures disorder = it has something to do
with the entropy.
The entropy is defined by

S = ko.

In a thermodynamical equilibrium

Ip

oY

SO
[p,H] =0

and the operators p and H have common eigenstates |k):

Hk) =
plk) =

Ex k)

Using these eigenstates the density matrix can be
represented as
p= Z wy k) (k
k

and

o= —Zpkklnpkm
k

where the diagonal elements of the density matrix are
Pkk = Wk-

In the equilibrium the entropy is at maximum.
We maximize o under conditions

o U= [H] = trpH = Zk pkkEk-
o trp=1.
Hence
o = -— Z5pkk(lnpkk + 1) =0
k
5[H] = Z5PkkEk:O
k
6(trp) =

Z dprr = 0.
e



With the help of Lagrange multipliers we get

ZCSPM@ [(Inprr + 1)+ BEL +~] =0,
%

S0
Pk = e PEL——1
The normalization (trp = 1) gives

e PEk

N
Z e PEL
l

It turns out that

Prk = (canonical ensemble).

1

kg’
where T is the thermodynamical temperature and kg the
Boltzmann constant.
In statistical mechanics we define the canonical partition

function Z:

N
Z = tre PH = ZefﬁEk.
k

Now
F="z
The ensemble average can be written as
tr (e PHA
[A] = trpA= Q

Z

N
[Z(k/ﬂk)e’w’“]
k ~ ]
Z e PEk
k

In particular we have

N
ZEke_ﬂEk
k
U = [H]=—
ZeiﬁEk
k
1o}
= —%(IDZ).

Example Electrons in a magnetic field parallel to z axis.
In the basis {|S.;1),[5.; 1)} of the eigenstates of the
Hamiltonian

H=w.S,
we have
efﬁhwc/Z 0
0 6,67’7,0%/2
p— 7 )
where

7 = efﬁﬁwc/Q +6,3hwc/2'
For example the ensemble averages are

[S.] = [Sy] =0,

5] = (Z)tanh(ﬁh;c).




Angular momentum

O(3)
We consider active rotations.
3 x 3 orthogonal matrix R <= rotation inR>.

Number of parameters

1. RRT symmetric = RRT has 6 independent
parameters = orthogonality condition RRT =1
gives 6 independent equations = R has 9 — 6 = 3 free
parameters.

2. Rotation around 7 (2 angles) by the angle ¢ = 3
parameters.

3. n¢ vector = 3 parameters.

3 x 3 orthogonal matrices form a group with respect to
the matrix multiplication:

1. Ry R; is orthogonal if R; and Ry are orthogonnal.
2. Ri1(R2R3) = (R1 R2)R3, associativity.
3. Jidentity I = the unit matrix.

4. if R is orthogonal, then also the inverse matrix
R~' = RT is orthogonal.

The group is called O(3).
Generally rotations do not commute,

R Ry # Ry Ry,

so the group is non-Abelian.
Rotations around a common axis commute.
Rotation around z-axis:

cos¢ —sing 0
R.(¢) = sin ¢ COSQS 0
0 1
T T Cos P — ybmqﬁ
R, | vy = :z:squercosqS
z

Infinitesimal rotations up to the order O(e

€
1—7 _62 0
Ri(e) = € 1—% 0 |
0 0 1
0 0
62
Rz(G) = 0 177 *62 ,
€
0 € 1—7
2
1—% €
R,(e) = 0 1 )

We see that
0 —€2 0
R.(€)R,(e) — Ry(e)R,(e) = e 0 0
0 0 O
= R, (62) -1

In a Hilbert space we associate

R — D(R),
ie.
D(R)|e).

We define the angular momentum (J) so that (we are not
employing properties of the classical angular momentum

T X p)

o)y =

Dmﬂw)_1—z<J ”)d¢
and require that the rotation operator D
e is unitary,
e is decomposable,
e D — 1, when d¢ — 0.
We see that J must be Hermitean, i.e.
Ji=17.

Moreover, we require that D satisfies the same group
properties as R, i.e.

D, (€)Dy(€) — Dy(€)Dy(€) = D,(e?) — 1.

Since rotations around a common axis commute a finite
rotation can be constructed as

R . J-n ) N
o < e -o(52) ()]
iJ - ng
- (_ - )
Jeno (T 0
h 2n*
We apply this up to the order O(€2):

1—

1 i€ B Jﬁe2 1 iJy€ 3 J;GQ
h 2h> h 2h?
(1 iJye Jy262 {— iJpe J2€
h 2h> h 2h*
1
——?Jnye +h JyJz + Ole 3)
2
- 1471J§; ~ 1
We see that
[Tz, Jy] = iR,

Similarly for other components:

[Ji, J]} == iheiijk.



We consider:

(Jz) = (a] Jz|o) —
rlalJzla) g = (a|DL(¢) D= (9)]).

We evaluate
DI (6)1D.(6) = exp ("?f) J,exp (—”g"b)

applying the Baker-Hausdorff lemma

GIGA fo—iGA —

A+ NG, Al + (222)‘\2> G,[G, Al +---

N (mn> GG (G, (G AT ] +

n!

where G is Hermitean. So we need the commutators

(., J.] = ihJ,
(T [T Je)] = ik, Jy) = B2,
(o [T [Joy )] = B2, Ju) = ikh°J,

Substituting into the Baker-Hausdorff lemma we get
DI(¢)J2D-(¢) = Jo cos ¢ — J, sin ¢.
Thus the expectation value is
(Jz) — rla|Jz|la)r = (Jz) cos ¢ — (J,) sin ¢.
Correspondingly we get for the other components

{Jy)
(/)

—

(Jy) cos ¢+ (J)sing
(J2)-

—_—

We see that the components of the expectation value of
the angular momentum operator transform in rotations
like a vector in R3:

(Je) — > Ri(Jy).
l

Euler angles

1. Rotate the system counterclockwise by the angle «
around the z-axis. The y-axis of of the system
coordinates rotates then to a new position y'.

2. Rotate the system counterclockwise by the angle 3
around the y’-axis. The system z-axis rotates now to
a new position z’.

3. Rotate the system counterclockwise by the angle ~
around the z’-axis.

Using matrices:

R(av 57 ’7) =R ('V)Ry’ (ﬂ)Rz (a)

Now

Ry () R.(a)R,(B)R; ()
R (7) Ry (B)R-(7)R,' (),
R(a, B,7) Ry (B)R.(Y)R,' (B)Ry (B)R(cv)
= Ry (ﬁ)Rz (Q)Rz (’Y)
= Rz(a)Ry(ﬁ)Rz_l(a)RZ(O‘)RZ(’Y)
Rz (Oé)Ry (5)Rz (’7)
Correspondingly

D(a, B,7) = D.(a)Dy(B)D=(7).



SU(2)

In the two dimensional space

{|Sz§ T>7 |Sz§ l>}

the spin operators

&(3«@m@¢0%&m&n»

2

5, = @v%wmmﬂDH@M@ﬁm
sz:(@ﬂ@m@mww&w&lﬂ

satisfy the angular momentum commutation relations
[Sz, Sy] = ihS, + cyclic permutations.

Thus the smallest dimension where these commutation
relations can be realized is 2.
The state

lay = [S2; 1)(S25 T |y + 1523 1)(Sz5 | o)

behaves in the rotation

Dx¢>=exp(—@%¢>

iS.¢
exp (— . >a>

= e_i¢/2|5z; T><SZaT |a>
+e2|S,; 1)(Sz; | |a).

like

D.(¢)la)

In particular:
D.(2m)[a) = —|a).

Spin precession

When the Hamiltonian is
H=uw.S,

the time evolution operator is

Z,{(t7()) — exp (_ZS%wct

):mmw

Looking at the equations

(Se)t = (Su)i=0coswet — (Sy)i=o sinw,t
(Sy)t = (Sy)t=0coswet + (Sz)i=o sinwet
<Sz>t - <Sz>t:O'

We see that

e the spin returns to its original direction after time
t =27 /we.

e the wave vector returns to its original value after

time t = 47 /w,.

Matrix representation
In the basis {|S,; 1), ]S%; 1)} the base vectors are
represented as

1S.; 1) — ((l))EXT 1S2:1) — (?)Exl

(Sl = Loy =xl  (Sslle (0,1) =x],

so an arbitrary state vector is represented as

— <SZ;T |O‘>
) (@n@)
(af = ((alS:;1),(a]S2;1)).

et
c|

The column vector

= ()

is called the two component spinor

Il
7N

Pauli’s spin matrices
Pauli’s spin matrices o; are defined via the relations

h
(Sk)ij = (2) (Ok)ij
where the matrix elements are evaluated in the basis

Sz 1), 1825 1)}

For example

5= 50 = (5 ) (085151 D+ (1 (541 D)

50
(S1)11=(S1)22 = 0
(52 = (5021 = 5.

or

!
Thus we get

2=(10) (V0 ) (0 5)

10 i 0 0 -1

The spin matrices satisfy the anticommutation relations
{0s,0;} = 0505 + 00 = 20;;

and the commutation relations

[Ui,Uj} = QiEiijk.



Moreover, we see that

O';r ag;,
det(o;) -1,
tr(ai) 0.

Often the collective vector notation
o = 0'1127 + 0'2@ + 0'32.

is used for spin matrices. For example we get

og-a = Zakak
k
+as a1 — tas
ay + iag —as '
and
(0-a)(oc-b) = Zajajokbk
7,k
1
= > 5 (g on} + [0, ou]) a;br
J.k
= Z((Sjk + iejkiai)ajbk
7,k

= a-b+ioc-(axb).
A special case of the latter formula is

(0-a)* =|al”.

cos (%) —in, sin (%) (—ing — ny) sin (%)
(—ing + ny) sin (%) cos (%) +in, sin (%)

and the spinors behave in rotations like

1o - N
2 )X

X — €Xp (_

Note the notation o does not mean that o would behave

in rotations like a vector, o, — grok. Instead we have

fox — Z RyxToux.

l

X

For all directions n one has

exp (—ZU : nqb) ‘ =—1, for any n.
p=2m

2

Euler’s angles
The spinor rotation matrices corresponding to rotations
around z and y axes are

e—ia/Q 0
D, (Ol) = ( 0 eia/Z )

cos3/2 —sinf/2
(sinﬁ/2 cos 3/2 )

With the help of Euler’s angles «, § and -y the rotation
matrices can be written as

D(a, B,7) — D (a, 8,7) =

e—i(a+1)/2 cog g —e—ila=m)/2 i gg)
e@=1/2 gin (g) e @t/2 cos (7)

We seek for the eigenspinor of the matrix o - n:

Dy(9)

o-nx = X.
Now
sin 3 cos
n=| sinf@sina |,
cos B
SO

. cosf3  sinBe

ag-n ( sin Be’®  —cosf3 ’

The state where the spin is parallel to the unit vector n,
is obviously invariant under rotations

Dﬁ(¢) — efiS-’fL/h

and thus an eigenstate of the operator S - n.
This kind of state can be obtained by rotating the state

1Sz 1)
1. angle 8 around y axis,
2. angle o around z axis,
ie.

S-nlS-n;1) = S-aD(wa,B,0)|S:;1)

_ (Z) D(a, 8,0)[S-;1)

— (5) s

Correspondingly for spinors the vector

Ve

1) cos ( e—ia/2
v=DP (B0 = VA
sin (7) gt/

is an eigenstate of the matrix o - n.

SU(2)
As a representation of rotations the 2 x 2-matrices

DB (fy, ¢) = 10 /2

form obviously a group. These matrices have two
characteristic properties:



1. unitarity

(D@))T _ (D@))’l’

‘D@)

2. unimodularity
=1.

A unitary unimodular matrix can be written as

U(a,b) = ( _‘Z* ab* )

The unimodularity condition gives
1=[U] = |a]* + [o?,

and we are left with 3 free parameters.
The unitarity condition is automatically satisfied because

U(a,0)'U(a,b) = ( Z _ab ) ( e f )

_ (P2 0 N
- 0 P )"

Matrices U(a, b) form a group since
e the matrix
Ulay,b1)U(ag, b)) = U(arag — b1, a1by + a3by)
is unimodular because
|U(a1a2 — b1b3, a1bs + a3by)| =
layas — bibs| + |arby + adbi|* =1,
and thus also unitary.
e as a unitary matrix U has the inverse matrix:

U~ (a,b) = U'(a,b) = U(a*, -b).

e the unit matrix 1 is unitary and unimodular.

The group is called SU(2).
Comparing with the previous spinor representation

D) (1, ¢) =
cos (f) — in; sin (g) (=ing —ny)sin (Q)
(_mi +ny) sin (‘;) Cos (%) + iynz sin (2(3)

we see that

Re(a) = cos (%) Im(a) = —n,sin (‘5)
TR — )

The complex numbers a and b are known as
Cayley-Klein’s parameters.

Note O(3) and SU(2) are not isomorphic.

Example

In O(3): 27- and 4w-rotations +— 1

In SU(2): 27r-rotation — —1 and 4x-rotation — 1.

The operations U(a,b) and U(—a, —b) in SU(2)
correspond to a single matrix of O(3). The map SU(2) —
O(3) is thus 2 to 1. The groups are, however, locally
isomorphic.



Angular momentum algebra
It is easy to see that the operator

J? =T dyp + Jydy + ..
commutes with the operators J,, J, and J,
[J2, ;] =0.

We choose the component J, and denote the common
eigenstate of the operators J? and J, by |j,m). We know
(QM II) that

J?jm) = j(j+DRj,m), j=0, %,1, g
J:lj,m) = mhlj,m), m=—j,—j+1,...,5—1,4.
We define the ladder operators Jy and J_:
Jr = J, £y,
They satisfy the commutation relations
[J,J-] = 2hJ,
[Jo,Je] = +hJy
[J%, 7] = o
We see that
JoJlg,m) = hJiJ |4, m) = (m+ 1)hJ,|j,m)
and
T2 ljym) = T d?|j,m) = 55 + DTy |5, m),

so we must have

Jylg,m) =cqlj,m+1)

The factor ¢4 can be deduced from the normalization
condition
<j7 m|j/7 m/> = 6jj'6mm/ .
We end up with
Jeljym) = /(G F m)(j £ m+Dhljm £1).

Matrix elements will be

G| T2 gm) =G+ DR 6mm

'/ J:15,m) = mhdj0mem

(G'm'[Jeljom) = VG Fm)(J £ m+ D60 mr-

bVe deﬁne t[/lgne'] S ’unction:
FL ]7 .

D) = P ex (=52 ) =0,

we see that D(R) does not chance the j-quantum number,
so it cannot have non zero matrix elements between
states with different j values.

The matrix with matrix elements Dﬁf}m (R) is the

(24 + 1)-dimensional irreducible representation of the

rotation operator D(R).

DY) (R) = (j,m] exp (—

Since

77,

The matrices Dg?m (R) form a group:

e The product of matrices belongs to the group:

DY), (Ri1Rs) = Z DY), (R1)DY) (R),
where R R, is the comblned rotation of the rotations
R1 and R27

e the inverse operation belongs to the group:
(4) -1y _ »(@”
D)) (RN =D (R).

The state vectors |j, m) transform in rotations like

D(R)|j,m) = le,mm m'|D(R)|j, m)

= lem ) D) (R).

With the help of the Euler angles

Dp)(R) =
(j,m'| ex _ila X _iyP X _Way |7, m)
J, M | eXp h exXp 7 eXp 5 J,m
= ot ()
where
) iJy0\ .
dgi)m(ﬁ) = <j,m'|exp (_ ;L/ ) |.]am>
Functions dffgm can be evaluated using Wigner’s formula
A (B) =
Z(_l)k—nL+m'
E

VG Am) G —m)(G +m) (G —m)!
(G+m—k)E (G —k—m)(k—m+m)!

2j72k:+m7m' 2k—m~+m’
X <cos g) X (sin g) .

Orbital angular momentum
The components of the classically analogous operator
L = x X p satisfy the commutation relations

[Li, LJ] = ieijkth.

Using the spherical coordinates to label the position
eigenstates,

') =|r,0,4),
one can show that
@lLia) = —ihg(ala)
(@ |Ly|a) = —ih(—singbaa cot 6 cos ¢ ¢> (@)
(@'|Lyla) = —ih COS(bﬁ—cotHsinqb— (')
Y 06 0]
; 0
/ — +ip o - /
(z'|Ly|cx) ihe (:l:zaa COt98¢)< |a)
e e L Lo
(@|L%a) = —h [Sin263¢2+8m980 ino
x{z'|a).



We denote the common eigenstate of the operators L*
and L, by the ket-vector |I,m), i.e.

L.ll,m) =
L?|l,m)

mhl|l, m)
(14 1)R2|1,m).

Since R? can be represented as the direct product
R3 =R x Q,

where € is the surface of the unit sphere
(position=distance from the origin and direction) the
position eigenstates can be written correspondingly as

[r)[7).

Here the state vectors |n) form a complete basis on the
surface of the sphere, i.e.

/dQﬁ )R] = 1.

We define the spherical harmonic function:
Y"™(0,¢0) =Y,"(n) =

The scalar product of the vector (n| with the equations

@) =

(@i, m).

L.|l,m) = mh|l,m)
L2|l,m) (14 1)K2|1,m)
gives
and

) B 1o N
Lin989(81n089)+sh120&¢2+l(l+1) )/l =0.

Y;"™ and DY
The state
[f) =10, ¢)

is obtained from the state |Z) rotating it first by the angle
# around y-axis and then by the angle ¢ around z-axis:

) = D(R)|2)
= D(a=¢,=10,7=0)|2)
- ZD(¢,9,0)\z,m><l,mli>-

lm
Furthermore
(IL,m|n) = Y™ (0,¢) = ZD (¢,0,0)(l,m|%).
Now
X - 20 +1

omiz) = v (0.0) = | 2D,

SO
- 20 +1
¥ (6, 8) = ) LU0 (59, = 0)

4T

or
0] 47 o
D,, =4/ ==Y
(e, 0,0) = [ gy Y™ (0, 9)
B«
As a special case

Coupling of angular momenta

We consider two Hilbert spaces H1 and Ho. If now A; is
an operator in the space H;, the notation A; ® Ay means
the operator

A1 ® Azla)1 ® [B)2 = (A1]a)1) @ (A2|B)2)

in the product space. Here |a); € H;. In particular,

A1 ® 1a|a); @ |B)2 = (A1la)1) @ [B)2,

where 1; is the identity operator of the space H;.
Correspondingly 1; ® Ay operates only in the subspace
‘Ho of the product space. Usually the subspace of the
identity operators, or even the identity operator itself, is
not shown, for example
A1 ®1la=A1®1=A;.

It is easy to verify that operators operating in different
subspace commute, i.e.
[A1 ® 12,11 ® Ag] = [A1, A2] =0

In particular we consider two angular momenta J; and Js
operating in two different Hilbert spaces. They commute:

[J1is J25] =0
The infinitesimal rotation affecting both Hilbert spaces is

i1 b iJy-ndp\
@‘;1)®@‘;1)—

| i1 @1+ 19 Ja) 0do
- .

The components of the total angular momentum
J=J101+1®Jy=J1+J,
obey the commutation relations

[Ji, J;] = theiji g,

i.e. J is angular momentum.
A finite rotation is constructed analogously:

D Dt = oxp (57 ) e (1252).

Base vectors of the whole system

We seek in the product space {|j1m1) ® |jamz)} for the
maximal set of commuting operators.

() JI, J3, Ji. and Jy..




Their common eigenstates are simply direct products

l71d2; mima) = [j1,m1) ® |j2, m2).

If 51 and j2 can be deduced from the context we often
denote

[mima) = |j1j2; m1ma).

The quantum numbers are obtained from the
(eigen)equations

) = j1(i1 + DA®| 2 mama)
Jizlgije; mime) =
J3ljije;mama) = ja(ja + D)R3|j12; mams)

Jozlj1je; mime) =

20 .
Ji1jrj2s mime

mahlj1j2; mims)

m2h|j1jg; m1m2>.

(ii) J?, J3, J3 and J..
Their common eigenstate is denoted as

|j12; Jm)
or shortly
lym) = |jij2; jm)
if the quantum numbers j; and js can be deduced from

the context. The quantum numbers are obtained from the
equations

J1(G1 + D)2 [f1ja; jm)
= ja(jo + 1)R?|j1a; jm)
= j(G + DR®|jrgz; jm)
= mh|jija;jm).

T3 jijas jm
J3|1j2; jm
J?|j1ja; jm
J:|j1g2; jm

= I L =

Now
[J27 ‘]12] 7& 07 [J2a JQZ] 7é 07

so we cannot add to the set (i) the operator J?, nor to
the set (ii) the operators Ji, or Jo,. Both sets are thus
maximal and the corresponding bases complete (and
orthonormal), i.e

Z Z [J1j2s mama)(jija; mime| = 1

J1j2 mimz

SN e gm)Ggasgml = 1.

Jijz gm
In the subspace where the quantum numbers j; and jo
are fixed we have the completeness relations

D ljrges mama) (Grja; mams| = 1
mipmsa
> ljrgai jm) (Gugas jm| = 1.
jm

One can go from the basis (i) to the basis (ii) via the
unitary transformation

Z |J1d2; mama)(jij2; mameljijz; jm),

mima2

|]1]2,Jm

so also the transformation matrix

(C)jm»m1m2 =

(J1J2; mima|jija; jm)

is unitary. The elements (jqj2;m1ma|j1j2; jm) of the
transformation matrix are called Clebsch-Gordan’s
coefficients.
Since

Jz = le + J2zv

we must have
m = m1 + ma,

so the Clebsch-Gordan coefficients satisfy the condition
(J1d2; mamaljijz; jm) = 0, if m # mqy + mo.
Further, we must have (QM II)
lj1 = Jol < J < j1+ Jo

It turns out, that the C-G coeflicients can be chosen to be
real, so the transformation matrix C' is in fact orthogonal:

> " (rdas mamaljuga; jm) (j1jas mhmi|jija; jm)
im

= 5m1m’1 6m2m’2
Z (J1d2s mamalgijz; jm) (jijz; mama|jija; j'm’)
mimsa

=0,/ Omm’-

As a special case (j' = j and m' = m = my + ms) we get
the normalization condition

S [Grdes mamaljio; jm)[* = 1.

mimsz

Recursion formulas
Operating with the ladder operators to the state

|j1j2; jm) we get
J+|jije; jm) =
(Jix + Jox) Z |J1j2; mama)

mimsa
X (J1j2; mima|j1je; Jm),

or

VG Fm)(G £ m+1)|jrje; j,m 1)

ZZ(\/Jlﬂle Y(jr £ m) + 1)

myomy

X|j1ja;my £1,mb)

/U2 £ ) (o £y + 1)

X |j1j2;my, my £ 1>)
X (J1j2; mymi|jiga; jm).
Taking the scalar product on the both sides with the
vector (j1j2;mima| we get

VG Fm) (G £ m+ 1) (Grjaz; maimaljija; j,m £ 1)
= V(1 Fmu +1)(j1 £m)
X (j1j2;m1 F 1,malj1j2; jm)
+ /(2 F ma + 1) (j2 £ ma)
X(j1J2: m1, ma F 1]j1j2; jm).




The Clebsch-Gordan coefficients are determined uniquely

by
1. the recursion formulas.

2. the normalization condition

S [Grdes mamaljio: jm)[* = 1.

mimse
3. the sign conventions, for example
(d12; 3'm’ | J1z 51 52; jm) > 0.

Note Due to the sign conventions the order of the
coupling is essential:

|J1725 Jm) = E|j2j1; jm).
Graphical representation of recursion formulas

(m, '.}_ sM,) (my,m,) (m, T 1)

.
.

R

@-----mmmmmaa

@----mmmmmm—a
Q

(m;,m,-1) (m;,m,) (m,+1,m,)

Recursion formula in mime-plane
We fix ji, jo and j. Then

‘m1| Sjla |m2| §j27 |m1+m2| S,]
= %
m;=J> %
g
il A
L,
3
Il
EON =
N
> m;=7J>
(a)
o Dae. A
":::‘J RN =
E J. AN
® . 0 &
% JiB &
J =
o F S0
[ ] [ ] [ ]

Using recursion formulas
We see that

1. every C-G coefficient depends on A,

2. the normalization condition determines the absolute

value of A,

3. the sign is obtained from the sign conventions.

Example L + S-coupling.

Now
1 = 1=0,1,2,...
m = my=-l,—l+1,...,1—1,1
. 1
J2 = 8= 5
1
ms = Mg = j:§
B li%, when [ > 0
J %, when [ = 0.
mS
S, &

;o
-12 @ ® °® °
Recursion when ji =1 and jo = s=1/2
Using the selection rule
1 1
mi=my=m-——=, Mo =Mg= =
1 l 2 2 s 9

and the shorthand notation the J_-recursion gives

VU m )+ 5 —m)m— L, 41+ 3m)

:\/(l+m+%)(l—m+%)
x(m+ 5, 5/l + 5,m+ 1),

or

[l+m+ 3
l+m+§

Applying the same recursion repeatedly we have

<m7 %7%|l+ %am>

l+m+3 [l+m+3 5 1
= +7771+l7 2
\/z+m+§\/l+m+3<m 23l +am+2)

 fl+m+5 [l+m+3 [I+m+3
VNl m+ SN lm S\ I +m+ ]

(m—i—%,%ﬂ—l—%,m—i—i’)}

,l—i—m—i—% 1 1 1

If j = jmax = J1 + j2 and m = myax = j1 + j2 one must
have
1725 Jm) =

(J1d2:m1 = J1,ma = Ja|j1j2; Jm)|jima)|jama).



Now the normalization condition On the other hand we have

|(jrj2; ma = j1,ma = jaljije; jm)|* =1 (41523 mima| D(R)|j1j2; m'mb)
and the sign convention give = Z Z (J172;s mamalj1jz; jm)
Jm jm’
(J1j2;m1 = j1,ma = jo|j1j2; jm) = 1. x(j1j2; Jm|D(R)|j1j2; j'm’)

X (J1j2; M/ J1j2; mims)
=33 Grgos mamalnga; jm)D), (R)5
<l,%‘l+%,l+%>:1, jm j'm’

X (J1j2; mymy|jiga; j'm').

(m— 1 1141 m) = I+m+ % We end up with the Clebsch-Gordan series
p2i b2 2041

pln) (R)D(j2) (R) =

’ ’
m1m1 m2m2

Thus, in the case of the spin-orbit coupling,

or

With the help of the recursion relations, normalization

condition and sign convention the rest of the C-G Z Z Z<j1j2; myma|jije; jm)
coeflicients can be evaluated, too. We get i m m
e w —— X (1o miymb|jaga; jm') D), (R).

) 2 2
(|J1+1,m> _ \/ A+ 1 \/ A+ 1

j=10-35m) ) 1— 1 ] T

’ - QZW:T_J; 2 j;le_ﬁ 2 As an application we have
fmy=m — Lom, = 1) o
(mzmidm =y ) [ A 0.0 0,010,

Rotation matrices

If DUV (R) is a rotation matrix in the base

{|jim1)|my = —j1,...,j1} and DYU2)(R) a rotation matrix
in the base {|j2m2>|m2 = 7]‘27 e ,jg}, then

DUD(R) @ DY2)(R) is a rotation matrix in the

(241 + 1) x (242 + 1)-dimensional base

{l71,m1) ® |j2, ma)}. Selecting suitable superpositions of
the vectors |j1,m1) ® |j2, m2) the matrix takes the form
like

@2+ 1)(20 4+ 1)
N 4m(20+ 1)

><<l1l2; 00‘[1[2; l0><lllg, mlmg‘lllg; lm>

DUY(R) @ DY2)(R) —
D(j1+j2) O

plr+ia—1)
0 |

One can thus write

pl) ® pl2) — pliitiz) ® pUi+i2—1) DD pir=jzl)
As a check we can calculate the dimensions:

(21 +1)(2j2+1) =
2(j1 +j2) +14+2(j1 +j2—1)+1
+o 425 —go] + 1.

The matrix elements of the rotation operator satisfy
(7172; mima|D(R)|j1j2; mymsy)

= (jim1|D(R)|jim}) (jamz| D(R)|jams)
=D (RDY)  (R).

! ’
mimy my



37- 65- and 97-symbols
The Clebsch-Gordan coeflicients obey certain symmetry
relations, like

(J172; mimaljija; jm)
= (=1)" T2 (a1 mom |jag1; jm)

(J1d2; mimaljijz; jams)

2j3+1

— (—1)J2tm2
(=1) 251 +1

(J273; —ma, m3|jajs; j1ma)

(J1J2; mima|j1ga; jams)

i my (24341, S
= (-pm™ %(]331;”13,—7711\]3]1;327112)

(J1i2; mama|jije; jams)
= (=1)* 172773 (j1 jo; —ma, —mialj1j2; s, —ms).

Note The first relation shows that the coupling order is
essential.
We define more symmetric 3j-symbols:

JvoJ2 Js ) _
mp Mg Mms -

(e .
ﬁ@lh; m1m2|3132;]37 —m3>'
J3
They satisfy

v J2 s

mp; Mg Mms

_( Jd2 J3 1 \_{( Jd3 1 J2
m2 m3 My ms Mmi M2

(1)j1+j2+j3< JioJ2 J3 )_( J2 g1 J3

my m2 M3 mz mp Mm3

_(a J3 g2 \_( Jd3 J2 N
mi M3 Mo m3 M2 My

J1 Je 3

mip M2 M3

= (—1)fr+datia ( g g2 U3 ) '

—mi; —Mmz —Mng3

As an application, we see that the coefficients
2 2 2 3
-1 )’ 11 -2 /-
vanish.

On the other hand, the orthogonality properties are
somewhat more complicated:

. Ji J2 s Ji J2 s
S (oo ) (kR

js ms

DO 0] o
DO 0] o

= 5m1 m) 5m2m’2
and

ZZ Ji J2 J3 Ji J2 s
mi Mms M3 mip mg  mh

mi mao
0t Omgms, 0 (J1273)

B V2j3 + 1

where

v [ 1, when [j1 — jof <3 < j1 e
0(jrdads) = { 0, otherwise.

6j-symbols
Let us couple three angular momenta, ji, jo and js, to
the angular momentum J. There are two ways:

1. first jl,jg —>j12 and then j12,j3 — J.
2. first j2,j3 — j23 and then j237j1 — J.

Let’s choose the first way. The quantum number j;2 must
satisfy the selection rules

J12 < g1+ J2

lj1 — g2l <
< J <12+ s

lj12 —
The states belonging to different ji5 are independent so

we must specify the intermediate state j;2. We use the
notation

|(41j2)d123; JM).
Explicitely one has

|(j172)j1243; JM)

= Z Z |j1j2; Ji2maz)|jsms)

mi2 M3
X (J12J3; miamas|ji27s; JM)
Z |j1ma)|jama)|jama)
mimamszmiz
X (J1J2; mima|jije; jramiz)

X (j1273; m1ams|jr2js; JM).

Correspondingly the angular momenta coupled in way 2
satisfy

71 (j2gs)j23; JM)

= Z Z |j1ma)|j2]s; j2amas)

ma23 M1
X (J1J23; mimas|j1jaz; JM)
o lima)ljama)|isms)
mi1m2msmas
X (j2j3; mams|jajs; jozmas)

X (J1J23; m1mas|jijes; JM).

Both bases are complete so there is a unitary transform
between them:

1 (Jads)das; JM) = |(jra)srzda; TM)
Jiz2
x((J1j2) 1273 T M |j1(j2js) jas; JM).
In the transformation coefficients, recoupling coefficients it
is not necessary to show the quantum number M, because

Theorem 1 In the transformation
o jm) = > |8 jm) (B jm|as; jm)
B

the coefficients (8; jm|a; jm) do not depend on the
quantum number m.



Proof: Let us suppose that m < j. Now
s jym 4+ 1) = Y (85 jom + 1)(B; j,m + as j,m +1).
B
On the other hand
. Jy .
la;j,m+1) = , , |a; jm)
h(j+m+1)( —m)
> 184, m 4 1)(B; jmla; jm),
B

SO
(B, m+1a;j,m+1) = (854, m|a; j,m) =

The explicit expression for the recoupling coefficients will
be

((J192)d12735 131 (J2gs)j2s; J)
= Z (J12J33 T M| j12]3; m12ms)
mimamsa
mi12ma3
X (J1J2; jramazljije; mima)
X (j2J3;: mama|jajs; jazmas)

X (J1J23; m1mas|jijes; JM).

We define the more symmetric 6;5-symbols:

J1 J2 Ji2
gz J Jos
(_1)j1+j2+j3+J
V(2512 + 1)(2j23 + 1)
X ((Jrg2) 12735 191 (d273)J23: J)
(_1)j1+j2+ja+J
V(2512 + 1) (2723 + 1)
X Z (J1725 mimalj1jz; jiz, M1 + ma)

mimsz
X (J12J3;m1 4+ ma, M — my — ma|ji2j3; JM)
X (Joga;ma, M —my — ma|jajs; joz, M — my)
X (j1jes;mi, M — my|j1ja3; JM).

We can handle analogously the coupling of 4 angular
momenta. Transformations from a coupling scheme to
another are mediated by the 9j-symbols:

Ji Jo Ji2
J3  Ja Jaa
Jis Jea J

((J1J2)g12(d374) 5345 31 (J1J3)J13 (J2da) Joas J)
V(2512 + 1) (234 + 1) (213 + 1) (2524 + 1




Tensor operators
We have used the vector notation for three component
operators for example to express the scalar product, like

p- ' =p.a’ +pyy +p.2

Classically a vector is a quantity that under rotations
transforms like V € R? (or € C3), i.e. if R € O(3), then

In quantum mechanics V is a vector operator provided
that (V) € C? is a vector:

rlalVilyr = (oD'(R)ViD(R

3
> Rij{alVjla),
j=1

V]ay € H, R € O(3).

)|a)

Thus we must have
=2_ RV
J

Thus the infinitesimal rotations
ieJ -n

Dl
(ne -

)=1-

satisfy
ied - n ied - n
1 Vi1
<+ h > (* z )
:1@+%(J~ﬁVi—ViJ-ﬂ)+(’)(62)
=Y RyV;
j
or

Vi + V;,J 7

=2 Rl

Substituting the explicit expressions for infinitesimal
rotations, like

1-5  — 0
R(ze) = € ,
0 0 1
we get
Ve + h[Vx,J] Ve — €V, + O(e?).

Handling similarly the other components we end up with

’ [‘/;7 Jj] = iheijka. ‘

Finite rotation

A finite rotation specified by Euler angles is accomplished
by rotating around coordinate axises, so we have to
consider such expressions as

exp (ijzd)) V;exp (—Ugd)> .

Applying the Baker-Hausdorff lemma
iGN fp—iGA _

iZ)\2

A+i)G, A + <2,) G, [G, A]] +
n)\n

{
(5
n!

we end up with the commutators

)[G,[G,[G,...[G,A]]],_,]+...

[ 55 [T [+ 15, Vil -1l

These will be evaluated in turn into operators V; and Vj

(k #1,7).
A vector operator (V') is defined so that it satisfies the
commutation relation

[Vi, Jj] = ihﬁijka.

We can easily see that for example p,  and J are vector
operators.

In classical mechanics a quantity which under rotations
transforms like

4’5 E g Ry Ryjy Ry -+ - Ty jrger.
il j/ k/

n indeces

is called a Cartesian tensor of the rank n.
Example The dyad product of the vectors U and V'

Ty = UiV

is a tensor of rank 2.
Cartesian tensors are reducible, for example the dyad
product can be written as

UV, UV -UY
Uu;v, = 3 5ij+(UV}2U]V)
uv,+U;v; U-V

e )

We see that the terms transform under rotations
differently:

° Qéléij is invariant. There is 1 term.
) M retains its antisymmetry. There are 3

terms.

° UiVjJrUjVi_U-V(;_
2 3 W

retains its symmetry and

tracelessness. There are 5 terms.

We recognize that the number of terms checks and that
the partition might have something to do with the
angular momentum since the multiplicities correspond to
the multiplicities of the angular momenta [ = 0,1, 2

We define the spherical tensor Tq(k) of rank k so that the
argument 7 of the spherical function

Y™ (n) = (nflm)



is replaced by the vector V:

(k)

o =YL(V).

Example The spherical function Y7:

/3 /3 z /3
0 = _— = —_— (1) = _—
no= 47 cos dmr To 47TVZ
3 xtiy n_ /3 V, £V
}/:l:l — T( _ (q: Y .
! A \/2r Am V2

Similarly we could construct for example a spherical

tensor of rank 2:
15
o T =\ o (Ve £V,
327T(V iVy)

The tensors Tq(k) are irreducible, i.e. there does not exist
any proper subset

15 (z +iy)?

Y:|:2 _
2 32 r?

{T(k) Tk

P10 Pz"

Jc{TW)g = k..., +k},

which would remain invariant under rotations.

Transformation of spherical tensors
Under the rotation R an eigenstate of the direction
transforms like

) — [n) = D(R)|n).

The state vectors |lm), on the other hand, transform
under the rotation R~ like

D(R™Y)|I,m) Zu m/) DY, (R71).
So we get
YMR) = (@|lm) = (A|DT(R)|tm)
= (ADRY|im) = _(@|lm)DL), (R
= YV @)D, (R
= Sy @p?, ().

We define a tensor operator Y, (V') so that

D' (R)Y™( ZY’" V)DL (R).

Generalizing we define: T} q(k) is a (2k + 1)-component
spherical tensor of rank £ if and only if

Z D (k)

D'(R)TMD(R

or equivalently

DR)TPDHR) =k, DR(R)TH.

q

Under the infinitesimal rotations

Ditse) = (1 - iJ}-fze)

a spherical tensor behaves thus like

iJ - ne iJ - ne
(k) _
(1+ . )Tq (1 . )

~ iJ - fie
. .
= 3 7P (kq| <1+ - >kq>

a'=—k

k
Z T (kq'|kq) + > €T (kq'|T - 7lkg),

q=—k q=—k

or
[T -7, T = 3" T (kq'| T - 2] k).
ql

Choosing nn = 2 and & + iy we get

[T, T4H) = ngTy®

and

[T, TSF) =

hkFakEq+ DT

Example Decomposition of the dyad product.
We form spherical tensors of rank 1 from the vector
operators U and V:

Up =U., W=V,
U, +:U, V, £V,
Ui = $Ty7 Vi = Ty
Now
70 _ UV UV +U4Vie—UW
0 - - s
3 3
7 _ (U x V),
e 2
T = UunV.
+2 +1V+1,
7@ _ Us1Vo + UpVia
+1 \/5 )
7@ _ UnVor+ 200V + U Vi
0 = )
V6

In general we have
Theorem 1 Let X,gfl) and Z(Sf"’) be irreducible spherical
tensors of rank k1 and ko. Then

T =" (kko; quaolkrko; kg) X () Z{F)

q1  q2

is a (irreducible) spherical tensor of rank k.
Proof: We show that Tq(k) transforms like

Z & (R)TY.

q¢=—k

D'(R)TMD(R)



Now
DI(R)TMD(R)
= ZZ(klkz; q192|k1ka; kq)
q1 92

xD' (R) X D(R)D! (R) 2\ D(R)
= Z Z Z Z<k‘1k2; q192]k1k2; kq)
q1 Qg2 q’1 q;

XX(kl)D(kl)(R )Z(k2)fD(k2)(R )

qfll (1(12

— ZZZZZZZ k1ko; qiqalkika; kq)

k" a1 92 ¢ ¢

x(kik2; q1 05 k1 k2: K" q)
x(kika; quaalkikas kg YDl (R X 240,

where we have substituted the Clebsch-Gordan series
expansion

DY (DY) (R) =

Z Z Z J1j2; mimaljije; jm)
j m m
% (j1gas mymb|jrja; ) D) L (R)
Taking into account the orthogonality of the
Clebsch-Gordan coefficients

D Girgas mama|fija; jm) (1 jo; mamolija; 'm’)

mym2

= 0 Omm’
we get
D'(R)TMD(R)
= Z Z Z Z Z Ok Ogqr (k1ka; 1 qa|k1kas K7
LA
fol’f;ﬂ?(R* )Xéfl)Zéfz),

which can be rewritten as

DN(R)TMD(R)

ki) o (k
:Z Z<k1k2;Qiqg|k1k2;kq/>Xéi )Zééz)

q 9195

D(k ( —1

)
_ Z T<k>Dg (R Z p® (RTP

Matrix elements of tensor operators
Theorem 2 The matriz elements of the tensor operator
T satisfi
q )
<a’,j’m’\Ték) |, jm) = 0,

unless m' = q +m.

Proof: Due to the property

[J2. T{M] = haT
we have
(o, §'m’|[ 1., TM] = ngT{® |, jm)
=[(m' —m)h —qh] x (', i'm \Tq(k)\a,jm> =0,

S0
(o, j'm/[T{" o, jm) = 0,

iftm' £q+mn

Theorem 3 (Wigner-Eckardt’s theorem) The matriz

elements of a tensor operator between eigenstates of the
angular momentum satisfy the relation

(@'§'|T™|as)
V2 +1

where the reduced matrix element (o/5'(|T™*)||a;j) depends
neither on the quantum numbers m, m’' nor on q.

(o, 5'm! | TP |, jm) = (jk;maljk; 'm’)

Proof: Since Tq(k) is a tensor operator it satisfies the
condition

[Je, TF

N=nV/kFakEq+ DT,

SO
(a',j'm/|[Ji7Tq(k)Ha,jm>
= i/(kF )k £ q + D){o, j'm’ [T} v, jm).

Substituting the matrix elements of the ladder operators
we get

VG Em) G Fm + D, jm' F 1TP|a, jm)
=V Fm) (G Em+ 1), 5, m[TF|a, j,m £ 1)
+VkF @)k g+ i, m'[TE) |a, jm).

If we now substituted 5 — 7, m' — m, j — j1, m — maq,
k — jo and ¢ — mo, we would note that the recursion
formula above is exactly like the recursion formula for the
Clebsch-Gordan coefficients,

VG Fm)( £ m+ 1) {(G1ja; mimaljija; jm £ 1)
= V(1 Fmu +1)(j1 £m)
X (J1j2;m1 F 1, ma|j1j2; jm)
+ /(G2 F ma + 1) (j2 £ mo)
X (j1j2; M1, ma F 1]j1j2; jm).

Both recursions are of the form 3, a;jx; = 0, or sets of
linear homogenous simultaneous equations with the same
coefficients a;;. So we have two sets of equations

Zaij:cj = O7 Zaijyj = O7
J J

one for the matrix elements (x;) of the tensor operator
and the other for the Clebsch-Gordan coefficients (y; ).
These sets of equations tell that

i Y%y and k fixed,

T Yk



so x; = cy; while ¢ is a proportionality coefficient
independent of the indeces j. Thus we see that
(a’,j’m'|Tq(k)|a7jm>
= ( constant independent on m, ¢ and m/’)
x (jkymaljk; j'm').
If we write the proportionality coefficient like

(@5 T™|aj)
V2j+1

we are through. =

According to the Wigner-Eckart theorem a matrix
element of a tensor operator is a product of two factors,
of which

e (jk;mql|jk;j'm’) depends only on the geometry, i.e.
on the orientation of the system with respect to the
z-axis.

o N ™ ag)

V2541
system.

depends on the dynamics of the

As a special case we have the projection theorem:
Theorem 4 Let

1 1
F—=(Jp £iJy) = F—

\/i( z y) \[2
be the components of the tensor operator corresponding to
the angular momentum. Then

Ji = Jy, Jo=J.

<O/7jm|'] i V‘O‘ajm>
h%j(+1)

Proof: Due to the expansions

(o, m/ [Vylev, jm) = (gm’|Jqlgm).

70 UV UnVoy+U Vi — UV
0 3 3 ’
71— (U x V),
q 7/\/5 4
T(Q) = Ux1Vi,
Tﬁ) _ UniVo+UoVi
—
Téz) _ Ui Vo +200Vo + U1 Vg

V6

we can write

(', jm|J - V]a, jm)
= <o/,jm\(J0Vo - J+1V_1 - J_1V+1)a,jm>
= mh(c/,
h

+ %\/(.] + m)(] —m+ 1)(0/,j,m - 1|V—1|a7jm>

_7\/]_

= ij<a JlVleg),

jm|Vola, jm)

.7 +m+ 1)<O/aj?m + 1|V+1|a,jm>

where, according to the Wigner-Eckart theorem the
coefficient ¢;,, does not depend on «, o’ or V.

The coefficient ¢, does not depend either on the
quantum number m, because J - V is a scalar operator,
so we can write it briefly as c¢;. Because ¢; does not
depend on the operator V' the above equation is valid
also when V' — J and o’ — a, or

(a, jm|J?|a, jm) = B?j(j + 1) = c;(a]|T|| o).

If we now apply the Wigner-Eckart theorem to the
operators V; and J, we get

(o, jm/|Vy|av, jm)
(e, gm/ | Tylax, jm)

_ (@iV]ag)
(ajl| o)

On the other hand,

for the ratios of the matrix elements.
the right hand side of this equation is

<O/ajm|'] : V|oz,]m>
(v, jm|J?|ex, jm)

SO

<O/7jm|'] ) V|a73m>
h%j(i+1)

(o, jm’[Vgla, jm) = (gm/|Tgljm) =

Generalizing one can show that the reduced matrix
elements of the irreducible product Tq(k) of two tensor
operators, Xéfl) and Zéif?), satisfy

(@ IIT™ [evs)

N k+]+azz{ 1 3

ol "

4

X! J X0 o) (@120 ).



Symmetry

Symmetries, constants of motion and

degeneracies
Looking at the Lagrange equation of motion

d (0L oc 0

dt \ 0¢; oq
of classical mechanics one can see that if the Lagrangian
L(q;, ¢;) is invariant under translations, i.e.

L(qi,di) — L(q; + 6qi,4i) = L(qi, i),

the momentum

oc
9

Di

is a conserved quantity, i.e.

dpi d (0L _ 0

dt — dt \9¢; )

Formulating classical mechanics using the Hamiltonian
function H(q;, p;) the equations of motion take the forms

_ OH

b= - dq;
. OH
q = o

Also looking at these one can see that if H is symmetric
under the operation

9 — ¢ + 0
there exists a conserved quantity:
p; = 0.

In quantum mechanics operations of that kind
(translations, rotations, ...) are associated with a unitary
symmetry operator.

Let S be an arbitrary symmetry operator. We say that
the Hamiltonian H is symmetric, if

[Sa H] =0,
or due to the unitarity of the operator S equivalently
S'HS = H.

The matrix elements of the Hamiltonian are then
invariant under that operation.
In the case of a continuum symmetry we can look at
infinitesimal operations
i€

S =1- ﬁG,
where the Hermitean operator G is the generator of that
symmetry. From the condition

StHS = H

it follows now

[G,H] =0,
so according to the Heisenberg equation of motion

dA 1
= _[AH
dt iﬁ[ H]

we have
aG 0

dt
In the Heisenberg formalism the observable G is thus a
constant of motion. if H is invariant for example under

e translations then the momentum is constant of
motion.

e rotations then the angular momentum is a constant
motion.

Let us suppose now that the Hamiltonian is symmetric
under the operations S generated by G:

S'tHS = H
S,H] = 0
[G,H] = 0.

Let |g’) be the eigenstates of G, i.e.
Glg') =4d'lg")

and let the system at the moment tg be in the eigenstate
l¢') of G. Since the time evolution operator is a
functional of the Hamiltonian only,

U =UlH],

SO
(G, U] = 0.

At the moment ¢ we then have

Glg', tost) GU(to,t)lg") = Ul(to, 1)Glg")

g/|g/at0;t>7

or an eigenstate associated with a particular eigenvalue of
G remains always an eigenstate belonging to the same
eigenvalue.

Let us consider now the energy eigenstates |n), i.e.

Hn) = E,|n).

When the Hamiltonian is symmetric under the operations
S we have
H(S|n) = SH|n) = E,S|n).

If now
In) # Sln),

then the energy states F,, are degenerate. Thus a
symmetry is also usually associated with a degeneracy.
Let us suppose now that the symmetry operation S can
be parametrized with a continuous quantity, say A:

S =8\).



When the Hamiltonian is symmetric under these
operations all states S(\)|n) have the same energy.
Example Rotations D(R).

If

then
[J,H] =0, [J* H]=0.

So there exist simultaneous eigenvectors |n; jm) of the
operators H, J? ja J.. Now all rotated states
D(R)|n; jm)

belong to the same energy eigenvalue. We know that

R)|n; jm) Z|n gm') D(J) m(R),

that is, every rotated state is a superposition of (25 + 1)
linearly independent states. The degeneracy is thus

(25 + 1)-fold.

Example Atomic electron.

The potential acting on an electron is of form

U=V(r)+VisL-S.
Now
[J,H| =0, [J* H]=0,

where
J=L+S.

The energy levels are thus (2j + 1)-foldly degenerated.
Let’s set the atom in magnetic field parallel to the z-axis.
The Hamiltonian is then appended by the term

Z =cS,.

Now
[J?,S.] #0,

so the rotation symmetry is broken and the (25 + 1)-fold
degeneracy lifted.



Parity

The parity or space inversion operation converts a right

handed coordinate system to left handed:

T — =T, Y — —Y,Z — —Z.

This is a case of a non continuous operation, i.e. the
operation cannot be composed of infinitesimal operations.
Thus the non continuous operations have no generator.
We consider the parity operation, i.e. we let the parity
operator 7 to act on vectors of a Hilbert space and keep

the coordinate system fixed:

|a) — 7|a).

Like in all symmetry operations we require that 7 is

unitary, i.e.
ir=1.
Furthermore we require:
(a|rTxrm|a) = —(a|z|a) V|a).

So we must have

rler = —x,
or

TEL = —IT.

The operators x ja m anticommute.
Let |x’) be a position eigenstate, i.e.

z|z') = x'|2’).

Then
zr|z') = —7mzx|x') = (—2')7|z’),

and we must have
mlx') = | — ).
The phase is usually taken to be ¢ = 0, so
nlz') = | — ).
Applying the parity operator again we get
722’} = [a')

or
w2 =1.

We see that

e the eigenvalues of the operator m can be only +1,

o m =gt =1

Momentum and parity
We require that operations

e translation followed by space inversion

e space inversion followed by translation to the

opposite direction

are equivalent:

Substituting

7T (dz') = T (—dz')r.

i

N — .
T(dx') =1 .

dz’ - p,

we get the condition

{’/Tvp} =0or 7TTp7T = —b,

or the momentum changes its sign under the parity

operation.

Angular momentum and parity
In the case of the orbital angular momentum

L=xxp

one can easily evaluate

e =

mlax x pr = nler x wlpr = (—x) x (—p)
L,

so the parity and the angular momentum commute:

[, L] = 0.

In R? the parity operator is the matrix

so quite obviously

PR = RP, VR € 0(3).

We require that the corresponding operators of the
Hilbert space satisfy the same condition, i.e.

Looking at the infinitesimal rotation

we see that

D(en) =1 —1iJ - ne/h,

[m,J]=0or nlJr =J,

which is equivalent to the transformation of the orbital
angular momentum.
We see that under

e rotations & and J transform similarly, that is, like
vectors or tensors of rank 1.

e space inversions x is odd and J even.

We say that under the parity operation

e odd vectors are polar,

e even vectors are axial or pseudovectors.



Let us consider such scalar products as p -« and S - x.
One can easily see that under rotation these are invariant,
scalars. Under the parity operation they transform like

(-p) (—z)=p =
S-(—x)=-8- =

mip.xn =

S zr =

We say that quantities behaving under rotations like
scalars, spherical tensors of rank 0, which under the
parity operation are

e even, are (ordinary) scalars,

e odd, are pseudoscalars.

Wave functions and parity
Let 1 be the wave function of a spinles particle in the
state |a), i.e.

(') = (@'|a).
Since the position eigenstates satisfy

mla’) = | - '),
the wave function of the space inverted state is

(@|7]a) = (—2'|a) = Y(—a).
Suppose that |«) is a parity eigenstate, i.e.
mla) = £|a).

The corresponding wave function obeys the the relation

(=) = (@'|r|a) = £(a'|a) = £P(2),

i.e. it is an even or odd function of its argument.
Note Not all physically relevant wave function have
parity. For example,

[p, 7] # 0,

so a momentum eigenstate is not an eigenstate of the
parity. The wave function corresponding to an eigenstate
of the momentum is the plane wave

vp (@) = 7T,

which is neither even nor odd.
Because
[Wa L] = Oa

the eigenstate |a, Im) of the orbital angular momentum
(L?,L.) is also an eigenstate of the parity. Now
Ro(r)Y™ (0, ¢) = ('|a, lm).

In spherical coordinates the transformation ©’ — —x’
maps to

ro—
0 — m—0 (cosf — —cosb)

¢ — o+m (M — (=1)e™?).

The explicit expression for spherical functions is

@+1)(1-m)_

V0,0 = ()" [ SR ),

from which as a special case, m = 0, we obtain

Y20, ) = ,/%4:: L P(cos0).

Depending on the degree [ of the Legendre polynomial it
is either even or odd:

Pi(=2) = (1) Pi(2).
We see that
(a'|m[a, 10) = (=1)"(2']a:, 10),
so the state vectors obey
m|a, 10) = (=1)Ya, 10).

Now
[, Ly] =0

and
L7 o, 10) o |, 1, 1),

so the orbital angular momentum states satisfy the
relation
7la, Im) = (=1)Ya, Im).

Theorem 1 If
[Hv 7T] =0,

and |n) is an eigenstate of the Hamiltonian H belonging
to the nondegenerate eigenvalue E,, i.e.

Hin) = Eyn),

then |n) is also an eigenstate of the parity.

Proof: Using the property 7 = 1 one can easily see that
the state 1

—(1£m)|n)

2
is a parity eigenstate belonging to the eigenvalue +1. On
the other hand, this is also an eigenstate of the
Hamiltonia H with the energy F,:

H(5 (£ m)ln) = Bag (14 m)n)

Since we supposed the state |n) to be non degenerate the
states |n) and (1 =+ m)|n) must be the same excluding a
phase factor,

%(1 +7)|n) = e“ﬂn),

so the state |n) is a parity eigen state belonging to the
eigenvalue +1 =

Example The energy states of a one dimensional
harmonic oscillator are non degenerate and the
Hamiltonian even, so the wave functions are either even

or odd.



Note The nondegeneracy condition is essential. For
example, the Hamiltonian of a free particle, H = me, is

even but the energy states

/2
p
H|P/> = %|p’)

are not eigenstates of the parity because

mlp') = |- p').

The condition of the theorem is not valid because the
states |p’) and | — p’) are degenerate. We can form parity
eigenstates

1/V2(p) £ | - p'),

which are also degenerate energy (but not momentum)
eigenstates. The corresponding wave functions

wip’ (w/) — <wl| ipl> _ e:l:z‘p/,:c//h
are neither even nor odd, whereas

(@'(Ip") +|-p")) o cosp’-a'/h

@|(|p) —|—p) o sinp -x'/h

are.
Example One dimensional symmetric double well

-:.,_h .-!ﬂ
I RER u--"' A

i" "-% '5.':'5 3
H s if

Symmetrlc Q) Antlsymmetrlc (u‘l)

The ground state is the symmetric state |.S) and the first
excited state the antisymmetric state |A):

H[S) = Eg|S)
n|S) = |S)

H|A) = EalS)
m|A) = —[A4),

where Eg < E4. When the potential barrier V' between
the wells increases the energy difference between the
states decreases:

lim (B4 — Eg) — 0.

V—oo

We form the superpositions

L) (|S> +14))

<l

B) = —=(S) - |4)).

<l

which are neither energy nor parity eigenstates.

Let us suppose that at the moment ¢ty = 0 the state of the
system is |L). At a later moment, ¢, the system is
descibed by the state vector

|L, to = 0; t>

_ i(e—iEst/h|5>

V2

L iBst/n —i(Ba—Es)t/h
_ L miBain\gy 4 o—itBa=B/m gy
e |5) 4)

+ e—iEAt/h|A>)

because now the time evolution operator is simply
Ut tg = 0) = e /M,

At the moment ¢t = T/2 = 2nh/2(E4 — Eg) the system is
in the pure |R) state and at the moment ¢ = T again in
its pure initial state |L). The system oscillates between
the states |L) and |R) at the angular velocity

_ Es—Es
=42

When V' — oo, then E4 — Eg. Then the states |L) and
|R) are degenerate energy eigenstates but not parity
eigenstates. A particle which is localized in one of the
wells will remain there forever. Its wave function does
not, however, obey the same symmetry as the
Hamiltonian: we are dealing with a broken symmetry.

Selection rules
Suppose that the states |«) and |3) are parity eigenstates:

mla) = eala)
|8y = eslh),
where €, and eg are the parities (+1) of the states. Now
(Blz|a) = (Blnirer’nla) = —eaes(Blala),
S0
(Blx|a) = 0 unless €, = —eg.

Example The intensity of the dipole transition is
proportional to the matrix element of the operator «
between the initial and final states. Dipole transitions are
thus possible between states which have opposite parity.
Example Dipole moment.
If

[Hv 7T] =0,

then no non degenerate state has dipole moment:
(n|x|n) = 0.

The same holds for any quantity if the corresponding
operator o is odd:
nlor = —o.



Lattice translations Obviously we have
We consider a particle in the one dimensional periodic

potential H|0) = Ey|0).
Vig£a)=V(). Furthermore we get
oo o0
i i i i ind i(n—1)60
L + _.._ it T@e) = Y e™ln+l)= Y D)
n=—oo n=—00
= e 9p).
j \ / \ ’ \ ’ \\ Thus every state corresponding to a value of the
continuous parameter 6 has the same energy, i.e. the
— a—*— a—*— a_.. ground state of the system infinitely degenerate.
(b) Let us suppose further that
The Hamiltonian of the system is not in general invariant e |n) is a state localized at the point n so that

under translations

7(a)|n) = |n + 1),

e (2'|n) # 0 (but small), when |z’ — na| > a.

fDar()=z+1, )|’y = |z’ +1).

However, when [ is exactly equal to the period of the

lattice a we have Due to the translation symmetry the diagonal elements of

the Hamiltonian H in the base {|n)} are all equal to
(@) V(z)r(a) =V (z +a) = V(z). eachother:
(n|H|n) =
Because the operator corresponding to the kinetic energy Let us suppose now that

in the Hamiltonian is translationally invariant the whole

Hamiltonian H satisfies the condition (n'|H|n) #0 only if n’ =norn’ =n+ 1.
1 (a)Ht(a) = H, We are dealing with the so called tight binding
approximation.
which, due to the unitarity of the translation operator When we define

can be written as
[H,T(a)]:(). A:_<ni1|H|n>7

The operators H and 7(a) have thus common eigenstates. we can write
Note The operator 7(a) is unitary and hence its
eigenvalues need not be real.

Let us suppose that the potential barrier between the
lattice points is infinitely high. Let |n) be the state
localized in the lattice cell n, i.e.

Hn) = Epln) — Aln+ 1) — Aln — 1),

where we have exploited the orthonormality of the basis
{|n)}. Thus the state |n) is not an energy eigen state.
Let us look again at the trial

(2'|n) # 0 only if 2’ ~ na. o
0) =D ™).
Obviously |n) is a stationary state. Because all lattice n=—oco

cells are exactly alike we must have
y Like before we have

Hin) = Eoln), ¥n 7(a)|9) = e 0).

Thus the system has countably infinite number of ground
states |n), n = —o0,...,00.
Now H Z e™n)
(a)ln) = |n +1), : :
=Eo Y _e™n) =AY e™|n+1)

so the state |n) is not an eigenstate of the translation

7(a). ,Azeinﬂn, 1

Furthermore

Let’s tr in inf—i inf+i
Y i =Eo Y _e™n) — A (M7 4 00 )
0) = e™|n), ind
e = (Eo — 2Acos0) Y e™|n).
where 0 is a real parameter and The earlier degeneracy will be lifted if A # 0 and

—r<f<m. Ey —2A < E < Ey+2A.



Bloch’s theorem
Let us consider the wave function (z'|f). In the
translated state 7(a)|0) the wave function is

(@|7(a)l0) = (2 = alf)

when the operator 7(a) acts on left. When it acts on
right we get 4
(a'|7(a)|0) = e"(a"]6),

so we have ‘
(x' —alf) = (2'|0)e™.

This equation can be solved by substituting
(@']0) = €™ up ('),

when 0 = ka and ug(2') is a periodic function with the
period a.

We have derived a theorem known as the Bloch theorem:
Theorem 1 The wave function of the eigenstate |0) of
the translation operator 7(a) can be written as the procuct
of the plane wave e*' and a function with the period a.
Note When deriving the theorem we exploited only the
fact that |@) an eigenstate of the operator 7(a) belonging
to the eigenvalue e*?. Thus it is valid for all periodic
systems (whether the tight binding approximation holds
or not)

With the help of the Bloch theorem the dispersion
relation of the energy in the tight binding model can be
written as

<k<

E(k) = Ey — 2A coska, —

213
213

This continuum of the energies is known as the Brillouin
zone.



Time reversal (reversal of motion)
The Newton equations of motion are invariant under the
transformation ¢ — —¢: if «(¢) is a solution of the
equation

mé = —VV(z)

then also x(—t) is a solution.

At the moment ¢ = 0 let there be a particle at the point
z(t = 0) with the momentum p(¢ = 0). Then a particle at
the same point but with the momentum —p(t = 0)
follows the trajectory x(—t).

In the quantum mechanical Schrédinger equation

O B e
due to the first derivative with respect to the time,
Y(x,—t) is not a solution eventhough ¢ (x,t) were, but
Y*(x, —t) is. In quantum mechanics the time reversal has
obviously something to do with the complex conjugation.
Let us consider the symmetry operation

18) — 15)-

We require that the absolute value of the scalar product
is invariant under that operation:

la) — |a),

[(Bla)] = [(Bla)]-
There are two possibilities to satisfy this condition:

1. (B|&) = (B|a), so the corresponding symmetry
operator is unitary, that is

(Bla)y — (BIUTU|a) = (Bl).

The symmetries treated earlier have obeyed this
condition.

2. (Bla) = (Bla)* = (a|B), so the symmetry operator
cannot be unitary.

We define the antiunitary operator 6 so that

(Blay = (alp)*
O(crla) + c2|0)) cifle) + c30(6),

where
18) — [8) = 618)

If the operator satisfies only the last condition it is called
antilinear.
We define the complex conjugation operator K so that

@) — |@) = 6la),

Kcla) = ¢ K|a).

We present the state |«) in the base {]a’)}. The effect of
the operator K is then

S la')ala) = la) =Y (a/|a)* Kla')
> (dlela’).

a’

) =

a

The fact that the operator K does not change the base
states can be justified like:

The state |a’) represented in the base {|a’)} maps to the
column vector

0
0

0
which is unaffected by the complex conjugation.

Note The effect of the operator K depends thus on the
choice of the basis states.

If U is a unitary operator then the operator § = UK is
antiunitary.

Proof: Firstly

O(cila) +c2|B)) = UK(cile) + c2|f))
= (qUK]e) +cUK|B))
= (c1f]e) +c30(5)),
so 0 is antiliniear. Secondly, expanding the states |a) and

|3) in a complete basis {|a’)} we get

) < |a) = Y (a'|a) UK]a')
= (@/|a)Ula)
= > {ala)Ula)

and

16) =Y (d18)Uld") = (5] = Y _(d1B)(a|U".

a’ a’

Thus the scalar product is
(Blay = > (a"IB)a"|UTUa' ) ald")
> {ala')(d|B) = (alB)

= (Blo)".

The operator 6 is thus indeed antiunitary. m
Let © be the time reversal operator. We consider the
transformation

@) — Oa),

where O|a) is the time reversed (motion reversed) state.
If |) is the momentum eigenstate |p’), we should have

elp') = e —p').

Let the system be at the moment ¢t = 0 in the state |«).
At a slightly later moment ¢ = §t it is in the state

la, tg = 05t = dt) = (1 - “;I(St) o).



We apply now, at the moment ¢ = 0, the time reversal
operator © and let the system evolve under the
Hamiltonian H. Then at the moment 6t the system is in

the state
i H
(1 - Zhét) Ola).

If the motion of the system is invariant under time
reversal this state should be the same as

@|OZ, to = 0, —5t>7

i.e. we first look at the state at the earlier moment —dt
and then reverse the direction of the momentum p.
Mathematically this condition can be expressed as

(1 _ fat) Ola) = 6 (1 _ f(-&)) ).

Thus we must have
—iHO|) = ©iH|),

where |) stands for an arbitrary state vector.
If © were linear we would obtain the anticommutator
relation

HO =-0H.

If now |n) is an energy eigenstate corresponding to the
eigenvalue F,, then, according to the anticommutation
rule

HO|n) = —0H|n) = (-E,)O|n),

and the state ©|n) is an energy eigenstate corresponding

to the eigenvalue —F,,. Thus most systems (those, whose

energy spectrum is not bounded) would not have any
ground state.

Thus the operator © must be antilinear, and, in order to
be a symmetry operator, it must be antiunitary. Using
the antilinearity for the right hand side of the condition

—iHO|) = ©iH|)
we can write it as
OiH|) = —iOH|).
So, we see that the operators commute:
OH = HO.

Note We have not defined the Hermitean conjugate of
the antiunitary operator # nor have we defined the
meaning of the expression (3]0. That being, we let the
time reversal operator © to operate always on the right
and with the matrix element (3|6©|a) we mean the
expression ((G]) - (©a)).

Let ® be an arbitrary linear operator. We define

lv) = ®T|8),

so that
Ble = (1|

and
By = (yla) = (aly)
= (aloa'|s) = (alow’07'0|p)
= (alo®ie7!3).

In partcular, for a Hermitean observable A we have
(BlAla) = (aloA07!(3).

We say that the observable A is even or odd under time
reversal depending on wheter in the equation

0407 =44

the upper or the lower sign holds. This together with the
equation

(BlAla) = (al©A071(5)

imposes certain conditions on the phases of the matrix
elements of the operator A between the time reversed
states. Namely, they has to satisfy

(BlAa) = £(B]Ala)".
In particular, the expectation value satisfies the condition
(a|Ala) = £(a|Ala).

Example The expectation value of the momentum
operator p.
We require that

{alpla) = —(alpla),

so p is odd, or
Opo~—! = —p.

The momentum eigenstates satisfy

pOlp’) = —O6po~'ep)
= (-p)elp),

i.e. O|p’) is the momentum eigenstates correponding to
the eigenvalue —p':

Olp') = | —p').

Similarly we can derive for the position operator @ the
expressions

0x0 ! = g
elz’) = [z)

when we impose the physically sensible condition
(alz|a) = (alz|q).

We consider the basic commutation relations
[zi, p5]1) = ihdi;|).

Now

Olz;, p;]0'0|) = Oihdy;)),



from which, using the antilinearity and the time reversal
properties of the operators © and p we get

[zi, (—p;)|O|) = —ihé;;O]).
We see thus that the commutation rule
[z, p5]]) = ihdyj])

remains invariant under the time reversal.
Correspondingly, the requirement of the invariance of the
commutation rule

[Ji, Jj] = iﬁeiijk
leads to the condition
0JO ! =—J.

This agrees with transformation properties of the orbital
angular momentum x X p.

Wave functions
We expand the state |«) with the help of position
eigenstates:

@) = [ &' o) @),
Now

Ola) = /d3x'@\w’><w'\a>*

— /d3x'|az')<az’|a>*,
so under the time reversal the wave function
() = (z'|e)

transforms like
(') — v (@),

If in particular we have
(') = R(r)Y," (0, ),
we see that
Y"(0,0) — V"0, 0) = (=1)"Y, (0, 9).

Because Y, is the wave function belonging to the state
|lm) we must have

Olim) = (=1)™|1, —m).

The probability current corresponding to the wave
function R(r)Y;™ seems to turn clockwise when looked at
from the direction of the positive z-axis and m > 0. The
probability current of the corresponding time reversed
state on the other hand turns counterclockwise because m
changes its sign under the operation.

The spinles particles obey

Theorem 1 If the Hamiltonian H is invariant under the
time reversal and the energy eigenstate |n) nondegenerate
then the corresponding energy eigenfunction is real (or
more generally a real function times a phase factor
independent on the coordinate x’).

HO|n) = ©H|n) = E,0|n),

so the states |n) and O|n) have the same energy. Because
the state |n) was supposed to be nondegenerate they
must represent the same state. The wave function of the
state |n) is (x’|n) and the one of the state O|n)
correspondingly (2'|n)*. These must be same (or more
accurately, they can differ only by a phase factor which
does not depend on the coordinate '), i.e.

(@'|n) = (@'|n)"

For example the wave function of a nondegenerate
groundstate is always real.
For a spinles particle in the state |«) we get

Ola) — @/dx'<w’|a>\x'>

— /dw’ (@'|a)"|x") = Kl|a),

i.e. the time reversal is equivalent to the complex
conjugation.
On the other hand, in the momentum space we have

Ola) =

because

elp’) =1-p).
The momentum space wave function transform thus
under time reversal like

o(p') — " (—p').

We consider a spin % particle the spin of which is oriented
along n. The corresponding state is obtained by rotating
the state |.S,;1):

s ) = e~ S eI g ),

where o and 3 are the direction angles of the vector n.
Because
0JeO ' =—J.

we see that
Oln; 1) = e_iSza/he_iSyﬁ/h@Sz; 1.

Furthermore, due to the oddity of the angular
momentum, it follows that

h
Jz®|Sz§ T) = _§®‘S2; T>7

so we must have

®|Sz; T> = n|52§ l)a

where 7 is an arbitrary phase factor. So we get

Oln; 1) = nln; |).



On the other hand we have
|n; i) — e—i(xsz/ﬁe—i(ﬂ+ﬁ)5y/h|sz; T>7
SO

@|’I’L; T> — e—iSza/he—iSyﬁ/h@|Sz; T>
nefiaSz/hefi(Tr+,@)Sy/h‘Sz; T>

nn;l) =

Writing
© = UK, U unitary

and recalling that the complex conjugation K has no
effect on the base states we see that

O = ne T = —in (?) K
Now
e_iﬂsy/h‘SZ;T> = +|Sz7l>
=TS/ | —15251),

so the effect of the time reversal on a general spin % state
is

O(c1|Sx 1) + ¢1182: 1)) = +neflSz; 1) — neflSe; 1)
Applying the operator © once again we get

©%(ct]S:3 1) + ¢ 1525 1))
=—[nct]S:; 1) — Inl*ey 1S5 1)
= —(c1]8:51) + 1152 1)),

i.e. for an arbitrary spin orientation we have
0% =-1.
From the relation
Ollm) = (=1)™|l, —m)
we see that for spinles particles we have
e?=1.
In general, one can show that

©?|j half integer) =
©?|j integer) =

—| half integer)
+|j integer).

Generally we can write
O = e "h/NE.

Now _ A
e 2™/ jm) = (—1)%|jm),

SO
©jm) = © (ne= v/ jm))
— |7]‘2€_2m‘]y/h|jm>

(=1)*[jm).

Thus we must have
0?2 = (—1)2j .
Often one chooses

Oljm) = i*™|j, —m).

Spherical tensors
Let us suppose that the operator A is either even or odd,
ie.

QA0 = 44,
We saw that then we have
(a]Ala) = £{a|A|a).
In an eigenstate of the angular momentum we have thus
(o, jm|Ala, jm) = £(«, Jj, —m| A, j, —m).

Let now A be a component of a Hermitian spherical
tensor:

_ k
A=TH.

According to the Wigner-Eckart theorem it is sufficient to
consider only the component ¢ = 0.
We define T®) to be even/odd under the time reversal if

k) e k)
ort et = +1.
Then we have
. k ) . k .
(o jml T3, jm) = +a, j, —m|T3" o, j,—m).
The state |«, j, —m) is obtained by rotating the state

|cr, ) '
D(0,7,0)|e, jm) = e"¥|a, j, —m).

On the other hand, due to the definition of the spherical
tensor

DNR)TMD(R) =

we get

D (0, 7,073 D(0,7,0) = Y DS (0,7, 00T,

q

Now
DI (0,7,0) = Py(cos) = (—1),
so we have
DY(0,,0)73"D(0, 7,0)
- (_1)kTék) + (g # 0 components).
Furthermore

. k .
(a, jm| T8 e, jm) = 0,



since the m selection rule would require m = m + ¢q. So the Hamiltonian of an electron contains such terms as
we get
S-B, p-A+A-p.

(o | Ty o jm) . . |
. ’ *) ‘ The magnetic field B is external, independent on the
= +(a, jm|D'(0,7,0)T5" " D(0, 7, 0)|cx, jm) system, so

= +(—=1)*(a, jm|TM |, jm). [©,B] =0ja[0,A] =0.

Note Unlike under other symmetries the invariance of On the other hand, S and p are odd, or

the Hamiltonian under the time reversal 0801 = S ja OpO~! = —p,
[0, H] =0, 0

does not lead to any conservation laws. This is due to the (6, H] #0.

fact that the time evolution operator is not invariant: We say that magnetic field breaks the time reversal

symmetry and lifts the Kramers degeneracy.
OU (t,tg) # Ult, to)O.

Time reversal and degeneracy
Let us suppose that

[, H] = 0.

Then the energy eigenstates obey

Hln) = En[n)
HOln) = E,On).
If we now had A
Oln) = e”n),

then, reapplying the time reversal we would obtain
©%[n) = ¢~*On) = |n),

or
0% =1.

This is, however, impossible if the system j is half integer,
because then ©2 = —1. In systems of this kind |n) and
O|n) are degenerate.

Example Electon in electromagnetic field

If a particle is influenced by an external static electric
field

V() =ep(z),
then clearly the Hamiltonian

2
_pP_
H—2m+V(:1:)

is invariant under the time reversal:
[0, H] =0.

If now there are odd number of electrons in the system
the total j is half integer. Thus, in a system of this kind
there is at least twofold degeneracy, so called Kramers’
degeneracy.

In the magnetic field

B=VxA



Perturbation theory
Stationary perturbation methods
Let us suppose that
e we have solved completely the problem
Ho|n®) = ESLO)‘H(O)>.
The basis {|n(?))} is now complete.
e the states [n(?)) are non degenerate.
e we want to solve the problem
(Ho +AV)[n)x = BN n)x.
Usualy the index A is dropped off.

When we denote
A, =E,—ED,
the eigenvalue equation to be solved takes the form
(B = Ho)ln) = (\V = Ay)n).

Note Because the expression (E\) — Hy)~![n(®) is
undefined the operator (E{” — Hy)~! is not well defined.
So, in the equation above we cannot invert the operator
(B — Hy).
Now

(ONV = Apln) = (nO|EY — Holn),
so in the state (A\V — A, )|n) there is no component along
the state [n(?)).
We define a projection operator as

b0 =1 nO) ] = 3 KOO
k#n

Now

1 1
— b= E :7|k(°)><k(0>|
0 0
EQ -Hy " [ EY-EY

n

and

Since in the limit A — 0 we must have
n) — [n{),

the formal solution is of the form

1
_ (0) _
In) = cn(A)|n >+E£O)— Pn(AV — Ap)n),
where
)l\lin cn(A) =1
and

en(N) = (nO|n).

Diverting from the normal procedure we normalize

nOn) = e, () = 1.

We write
ny = |n@) 4+ An®) 4 A2n@) ...
A, AAD L AZAD) 4

Because

OV — A,ln) =0,
we have, on the other hand
A, = AXnOVn).
Thus we get

AAD +N2AD 4.
= MOV + X2 OV My + ...

Equalizing the coefficients of the powers of the parameter
A we get

O AY = OV p©)
oM AP = @OV[p)
oMy ALY = (nOy]pN-D)

We substitute into the expression

1 O
) = In0) 4 o

n 0

(AV = Ay)ln)

for the state vector the power series of the state vector
and the energy correction and we get
[n©) + AlnM) + X2|n@) + ...

G P
= |n'Y) + 50 I

X (|n @) + AlnMy 4+ ...

AV = AAL —A2A2) .

Equalizing the coefficients of the linear \-terms we get in
the first order

o)« [n)
¢ (0) Al (0)
E7(10) _ V|n > - ET(LO) — H, ¢n|n >
o d)n (())
o)
because
on ALY = 0.
We substitute |n(!)) into the expression
AP = (O],
s0
A = (O %10,
" EO — H,



We substitute this further into the power series of the
state vectors and we get for the coeffients of A? the
condition

Pn P

OO2) : In®@)y = 174 Vin®
08 s ) = gV V)
Pn ©) 117, 0y Pn )
_E;O)—Hom Vn >E,S°)—H0V|n ).

Likewise we could continue to higher powers of the
parameter \. This method is known as the
Rayleigh-Schrédinger perturbation theory.

The explicit expression for the second order energy
correction will be

AR = (O %10
" E© — H,

_ O 1711 O (O Pn
= SOV O

k.l n = 0

1(0)1700)
= Z Vnk <(O) | (z)) In
k,l#n no El

_ Z |Vnk|2

EO _ g0

‘1(0)><l(0) |V|n(0))

k#n
Thus, up to the second order we have
A, = E,—EY
- eyl
k#n E?SO) El(c )

1S

a2 Z £ Z VitVin

0 0
= = (B — BV EY - EY)

- ‘/nnvkn )
(B = B
4o,

We see that the perturbation mizes in also other states
(than [n(©)).
We see that

e in the 1st order we need only the matrix element V,,,,.

e in the 2nd order the energy levels 7 and j repel each
other. Namely, if EI(O) < E](O), then the contributions
of one of these states to the energy corrections of the

other are

A _ Il

¢ EO _ g0

i J
Vi;l?

PN L |

J 0 0

E]( ) Ez( )

and the energy levels move apart from each other.

Perturbation expansions converge if |V;;/ (EZ.(O) - Ej(-o))| is
”small”. In general, no exact convergence criterion is
known.
The state |n) is not normalized. We define the normalized
state

)N = Z,/%|n),

so that
(nDNn)y = Z)*(nOn) = 2)/2.

Thus the normalization factor Z,, is the probablility for
the perturbed state to be in the unperturbed state.
The normalization condition

N(nln)n = Zn(njn) =1
gives us
270 = () = (O] + AV + 22 (0P 4 )
X (|n@) + An®y £ A2n@)y 4.
= 1+ 22000y £ 03

= 1+A) Vi
iz (B = B)?

+O(\3).
Up to the order A? the probability for the perturbed state
to lie in the unperturbed state is thus

The latter term can be interpreted as the probability for
the ”leakage” of the system from the state [n(?)) to other
states.

Example The quadratic Stark effect.

We consider hydrogen like atoms, i.e. atoms with one
electron outside a closed shell, under external uniform
electric field parallel to the positive z-axis. Now

p2

Hy=-—+4Vy(r) and V = —e|E|z.
2m
We suppose that the eigenstates of Hy are non degenerate
(not valid for hydrogen). The energy shift due to the
external field is
Ai = el Bl + BE Y. — 12l
k= el Rk T 20 _ O
i#k Pk j

+...,

where
2y = (]z];).

Since we assumed the states |k(*)) to be non degenerate
they are eigenstates of the parity. So, according to the
parity selection rule the matrix element of zx; vanishes.
Indeces k and j are collective indeces standing for the
quantum number triplet (n,l,m). According to the
Wigner-Eckart theorem we have

(n',I'm’|z|n, lm)
N
5 ) 211 s

Zkj =



where we have written the operator z as the spherical
tensor
Tél) =2z.

In order to satisfy zp; # 0 we must have
e m' =m and

e !'!=10—1,1,1+1. From these I’ = [ is not suitable
due to the parity selection rule.

So we get

[
(n’,I'm’|z|n,Im) = 0 unless { : . =1
m' =m

We define the polarizability « so that
1
A=——alE|.
2

As a special case we consider the ground state
|0(®) = |1,00) of hydrogen atom which is non degenerate
when we ignore the spin. The perturbation expansion
gives
0

_ 2z|k()\z|1 ,00) 2

o £ (0)
2o Eo By
where the summing must be extended also over the
continuum states.
Let us suppose that

E((JO) - El(€0) ~ constant,
so that
D IE@LL0002 = [(KO]2]L,00)
k#0 all k’s

= (1,00]2%|1,00).

In the spherically symmetric ground state we obviously

have .
(22) = (%) = (v*) = 3 (r?).

(2%) = ap
Now
2 1
_EO B0 > _EO 4 B0 — & {1 _ } 7
2a0 4
SO 3
8(10 16a
<2e%ai— = —2 ~5.3a3.
03¢2 3 %

The exact summation gives

9 3
o= % = 4.5a3.

Degeneracy
Let’s suppose that the energy state E(E?) is g-foldly
degenerated:

Holm @y = EDm©), vjm©®) € D, dimD = g.

We want to solve the problem

(Ho + AV)[l) = Ei|l)
with the boundary condition
; (0)17(0)y141,,(0)
lim (1) — 37 (m @) ),
meD

i.e. we are looking for corrections to the degenerated
states. With the help of the energy correction we have to
solve

(B — Ho)ll) =

We write again

AV = ADID).

11y = 1Oy ADY 4+ A2@)
A= AN AP 4
so we get
(E](:g) — Ho) (IO + MIMY 4 X213y 4 ...

=V -2l - a2AP )
X (|1OY + NIMY 4 X2)i@)y 4 .. ).

Equalizing the coefficients of the powers of A we get in
the first order

(E) — Ho)ll™M)
= (V= A
Z |m(0)><m(0)|l(0)>

meD

=(v-al)

Taking the scalar product with the vector (m’ ©

recalling that

| and

(m" ON(EL ~ Ho) =0,

we end up with the simultaneous eigenvalue equations
> Vi (m© 1))
m

The energy corrections Al(l)

From the equation

= AN (m' OOy,
are obtained as eigenvalues.

AV — Ap))1©)

(B — Ho)1)y =

we also see that
(MmO — Ay = 0 vjm©®) € D.

Thus the vector (V — Al(l))|l(0)> has no components in the
subspace D. Defining a projection operator as

g
o0 = 1= 3 Im@)(m®| = 3 [bO) k)

meD kgD



we can write
(V= API) = op(V = AT)I®) = 6pV ).
We get the equation
(Bp’ — Ho)ll") = 6p(AV = A))),
where now the operator (Egj) — Hy) can be inverted:

D
EY — H,

Z |1€(O)>sz

0 0)°
kgD E}))_El(e)

|l(1)> V|l(0)>

When we again normalize
(O =1,
we get from the equation
(Ep — Ho)ll) = (A — Apll)
for the energy shift
A= 21OV D).
We substitute the power series and get

MO (1O 4 AIDY 4 221y 4.
(1) )
=M+ A2AT 4

The second order energy correction is now

ép
AP = OWD) = (O Vi)
0

)
3 [Via|?

-
0 0)"
keDE(D)_EI(c)

Thus the perturbation calculation in a degenerate system
proceeds as follows:

1°  Identify the degenerated eigenstates. We suppose
that their count is g. Construct the
g x g-perturbation matrix V.

2° Diagonalize the perturbation matrix.

3° The resulting eigenvalues are first order corrections
for the energy shifts. The corresponding eigenvectors
are those zeroth order eigenvectors to which the
corrected eigenvectors approach when A — 0.

4° Evaluate higher order corrections using non
degenerate perturbation methods but omit in the
summations all contributions coming from the
degenerated state vectors of the space D.

Example The Stark efect in the hydrogen atom.
The hydrogen 2s (n = 2,1 =0, m = 0) and 2p
(n=2,1=1,m = —1,0,1) states are degenerate. Their
energy is

Eg)) = —62/8a0.

We put the atom in external electric field parallel to the
z-axis:

V = —ez|E)|.

Now z is the ¢ = 0 component of a spherical tensor:
_ (1)
z="T5".

According to the parity selection rule the operator V' now
has nonzero matrix elements only between states with

[ =0 and [ =1, and due to the m-selection rule all states
must have the same m:

2s 2p,0 2p,1 2p,—1

2s 0 x 0 0
o0 [ x 0 0 0
o1 |0 0 0 0
29,-1\ 0 0 0 0

The nonzero matrix elements are
(2s|V]2p,m = 0) = (2p, m = 0|V |2s) = 3eap|E]|.
The eigenvalues of the perturbation matrix are
AW = +£3ea|E|

and the eigenvectors

1
+)=—(2s,m=0) £ |2p,m =0)).
|£) \[2( | )£ )
Note The energy shift is a linear function of the electric
field. The states |£) are not parity eigenstates so it is
perfectly possible that they have permanent electric
dipole moment (z) # 0.

Nearly degenerated states
Let the states m € D to be almost degenerate. We write

V=V +s,
where
Vo= 33 O m O @)
meD m’eD
Vo = V-VW.

We proceed so that

1. we diagonalize the Hamiltonian Hy + V1 exactly in
the basis {|m(®)} and

2. handle the term V5 like in an ordinary non
degenerate perturbation theory. This is possible since

(/O Valm®@) =0 Vi, m' € D.

Example Weak periodic potential.

Now )
p
Hy = —
0 2m

and for the perturbation

V(z) =V(x+a).



We denote the unperturbed eigenstates by the wave
vector:

h2 k>
Holk) = k
olk) = %~ k),
so that -
7k
oL
2m

We impose the periodic boundary conditions
(2'[k) = (a’) = (&' + LIk) = ¢u(a’ + L),
for the wave function and get
1 . 2
Yp(a') = —=e*® | k= —Wn,n el

NG L

Because the potential V' is periodic it can be represented
as the Fourier series

o0

Viz)= > "k,
where
K =2n/a

is the reciprocal lattice vector. The only nonzero matrix
elements are now

(k+nK|V|k) =V,,
because

(K'[V|k)

]. S RN ’o. ’
Z 2 :Vn dac’e ik'x eana: eznka:
n

Z ViOkni i -
n

So the potential couples states
k), |+ K),...,|[k+nK),....
The corresponding energy denominators are
(0) (0)
O

In general
(0) (0)
B # Elnk

except when

nK
k~———».
2
We suppose that the condition
nK
kot
7 2
holds safely. The first order state vectors are then
|k(1)> = |k) + Z |k + nK}L
EO _p© 7
n#0 k k+nK

and the wave functions

)y, N 1 ikx' 1 i(k+nK)z' Vn
) = ety e PG Ry
VL VL EY —BY

Correspondingly the energy up to the second order is

2 0 |‘/n|2
B =B +Vo+ Y o
n#0 Ek _Ek:JrnK

Let us suppose now that

We diagonalize the Hamiltonian in the basis
{1k}, [k +nK)},
i.e. we diagonalize the matrix

|k) |k + nk)

k) EY+v v
|k + nK) v, ED+v )

Its eigenvalues are

0 0
2

2
20 50
+ ( k 5 k+nK +|Vn|2

When |El(€0) - E,(C(i)nK| > |V, it reduces to two solutions

Err =Vo+

EY +V,
El(c?k)nK + VO?

Ek+ ==
B, =

which are first order corrected energies. In the limiting
case we get

; _ 0
e A

Brillouin-Wigner perturbation theory
We start with the Schrédinger equation
(E,, — Hp)|n) = AV n),

and take on both sides the scalar product with the state
|m (), and get

(Bn = ELD)(mOn) = MmOV |n).

We correct the state [n(?)). We write the corrected state
|n) in the form

n) D MmO n) = [00) (0 ) + duln)

= [nO)+ ) mO)m ),

m#n

which has been normalized, like before,

(nO|n) = 1.



We substitute into this the scalar products

MmO |Vn)
Oy = 21V
m e = B, — B9’

and end up with the fundamental equation of the
Brillouin- Wigner method

A
n) = In@) + Z m®) m< m©@Vin).
m#n

Iteration gives us the series

) = @)+ A Y \m<0>>—1 OV

_ (0)
mn E, - E,
5 S o (V)
m#n l#n
1
o (%)) (0)
< _E(O)<m Vi)
3 )y L7170
0SS g
m#n l#n k#n
1 1
x ————(1OV|m®) ———— (m OV |n®
ol >En_E$)< V1)

Note This is not a power series of the parameter A
because the energy denominators

E,—E9 =E® _EO0 4 A,
depend also on the parameter A according to the equation

A, = )\Agll) _;’_)\QASLQ) 4.



Time dependent potentials
We have solved the problem

Ho|n) = Ep|n)

completely and want to solve the eigenstates of the
Hamiltonian
H = Hy+ V(t).

Since the Hamiltonian depends on time we have
U % e*th/h

S0 a system in a stationary state |¢) can in the course of
time get components also in other stationary states.

Pictures of the time evolution
At the moment ¢ = 0 let the system be in the state

o) = cal0)ln)

and at the moment ¢ in the state

|, tg = 05¢) = ch(t)e_iE"t/hm}.

Note The time dependence of the coefficients ¢, (¢) is due
only to the potential V'(¢). The effect of the Hamiltonian
Hy is in the phase factors e *Fnt/h

Schrédinger’s picture

The evolution of the state vectors is governed by the time
evolution operator:

|, to = 0;t) s = U(t)|a, tg = 0).

Heisenberg’s picture
The state vectors remain constant, i.e.

|Oé,t0 = Oat>H = |O[,t0 = O>

On the other hand, the operators depend on time. We
can go from the time independent operators of the
Schrédinger picture to the operators of the Heisenberg
picture via the transformation

Ap(t) =UT () AsU(t).
If the Hamiltonian does not depend on time then

Hy(t)=U'(t)HU(t) = H

dAg 1

& i
Interaction picture
The state vectors depend on time as

1
Ap,Hy| = %[AH,H].

o, tos )y = e/ to; 1) 5.
At the moment t = 0 we have obviously

Ds=Dr=1u-

The interaction picture observables A; are defined so that

AI = eiHot/hAse_iHot/h.

In particular we have

V; = ¢iHot/hyy g—iHot/h.

We see that the equation governing the time dpendence
of the interaction picture state vectors is

0
ih—|a, to;t
1 at|a7 05 >I

0 )
= Zh& (e’H‘)t/h|a7to;t>s)
= —Hoe™o"a, ;) g

+e UM (Hy + V)|, tos t)s
— engt/hVefiHot/heiHot/h|O[’to;t>s7

SO
0
Zh§|0‘7 tO? t>] = V]‘OZ, th t>[
If now Ag does not depend on time we can derive

dAr 1

W_%[ALHOL

which in turn resembles the Heisenberg equation of
motion provided that in the latter we substitute for the
total Hamiltonian H the stationary operator Hy.

We expand state vectors in the base {|n)}:

|, to;t)r = ch(t)|n>
n
If now ¢ty = 0 so multiplying the previous expansion

oty = 0t) = > cn(t)e /)

on both sides by the operator e—tHot/h

la, tg = 0;t) = ch(t)m),

we get

i.e. the coefficients ¢,, are equal. We just derived the
equation

0
iha@to;th = Vil to;t) 1.

From this we get

z'hg<n|a,t0;t>1 =

T (n|Vila, to;t)r

> (n|Vi|m)(mlos to;t).

m

The matrix elements of the operator V; are

(lVilm) = (et it )

_ Vnm (t)ei(E” —Emn)t/h



Because we furthermore have
cn(t) = (nfo, to;t)r,

we can write the equation governing the time dependence
of the superposition coefficients as

. d W
Zh%cn(t) = ; Vime" e, (t),

where
En - Em
wnm h

= —Wmn-

This system of differential equations can be written
explicitely in the matrix form

¢1
Co
ih és

Vl,l Vmeiwlzt o c1
Varetwt Va2 e Cco
= V33 e c3

Example Two state systems.
Suppose that

Ho = Eq|1)(1] + E2|2)(2| (Er < E»)
and that the time dependent potential is like
V(t) = e [1)(2] + ye " 2)(1].
The matrix elements V,,,,, are now
Vie = Vg, = et
Vii = Va2 =0,

so transitions between the states |1) and |2) are possible.
The system of differential equations to be solved is

ihéy = yele’2le,
ihéy = e Whewiley
where
Ey — Fy
W21 = —Wi2 = 7 .

We can see that the solution satisfying the initial
conditions

is

¥/
VIR + (w— wa1)?/4

2 _ 271/2
xsiHQ{[;z—i—(w Z)Ql)] t}

1— |ea(t)]2

Q
I\
—
~
=
[

TG

The system oscillates between the states |1) and |2) with
the angular velocity

=)=

The amplitude of the oscillations is at its maximum, i.e.
we are in a resonance, when
Ey — E,
P

Example Spin magnetic resonance.
We put a spin % particle into

w = w2

e time independent magnetic field parallel to the z
axis,

e time dependent magnetic field rotating in the zy
plane,

ie.
B = Byz + By (& coswt + ¢ sinwt)

when the fields By and B; are constant. Since the
magnetic moment of the electron is
e

B= S,
meC

the Hamiltonian is the sum of the terms

_ ehBO ) . - -
e ¢ [CEUICR R EAERY)
ehB
v = _<2m 2)

x [coswt(|S; 1) (Szs L [+ 525 1) (S231 1)
+ sinwt(—i[ 925 1)(S25 | | +14]S25 1)(S5 T 1)]-
If e < 0, then

|€|hBO
2mec

CRA S B =E =-

We can thus identify in the above treated two stated
system the quantities:

[S.;1) +— |2) (higher state)
[S.;1) — |1) (lower state)
le| Bo

— = wa

Mmec

eh31

- =y, W w.
2mec

Comparing with our earlier discussion on the spin
precession we see that

e if By =0 and By # 0, the the expectation value
(Sz,y) rotates in the course of time counterclockwise
but the probabilities |c1|?> and |ca|? remain still
constant.

e if By # 0, the the coefficients |c1|? and |ca|? are
functions of time.



When the resonance condition
w R w21
holds the probability for the spin flips
1823 1) «— 15251)

is very high.

Because experimental production of rotating magnetic
fields is difficult it is common to use a field oscillating for
example along the x axis. This can be divided into
components rotating counterclockwise and clockwise:

2B & cos wt
= B (& coswt + ysinwt)
+ B (& coswt — gsinwt).

In experiments one usually has

B 4
By, O

SO
1 - |6|B1 . |6|BO Bl - B1
h dmec  mec 4By “2ap, Sw

If now the component rotating counterclockwise triggers
the resonance condition

W = Wi,
the the transition probability due to this component is

v /h?
Y2 /h? 4 (w — wa1)?/4

2 _ 271/2
Xsinz{{;—l-(w :}21)] t}

~ sin? (%t) .

ler(® =

The clockwise rotating component,
W= —wa1,

contributes

¥/
VR + w

2 1/2
x sin? { [ZLQ + w;] t}

< er(®).

leL(t)[?



Time dependent perturbation theory
In the interaction picture the time evolution operator is
determined by the equation

|Oé,t0; t>1 = uj(t,to)‘a,to;to>1.

Since the time evolution of the state vectors is governed
by the equation

Vila, tost) g
= Vili(t,to)|a, tos to)r,

0
lh&@to;th =

we see that
Uz (t, o) |
ot

The interaction picture time evolution operator satisfies
thus the equation

th a,toyto)r = Vildi(t, to)|a, to; to)1-

L d
ZH%UI (t7 tO) = ‘/I(t)uf(ta tO)
As the initial condition we have obviously

L{tt0|tt 1.

Integration gives

- t
Urlt,to) =1~ + / Vit Us (¢ ) d.

to

By iteration we end up with Dyson’s series

Z/{I(tato)
_1—7/1/, 1—% VI(”)u(”)dt”]d’
to tO
_1_7 dtVI

+<—;> /dt / " Vi (Vi ()
(3 [ -

¢(n—=1)

X/
to

AtV (V") - V(™)

Let us suppose again that we have solved the problem
Ho|n) = En|n)

completely. Let the initial state of the system be |i) at
the moment ¢t =ty = 0, i.e.

la, tg = 05t = 0)1 = [4).
At the moment ¢ this has evolved to the state

li,to = 0;t)r = Ur(t,0)[i)

Zln |ty (t,0)[i).

Here
<n|u1(t7 0)|7’> =Cn (t)

is the same as the superposition coefficient we used before.
From the relation binding the interaction and Schrodinger
picture state vectors we get

e Hot/M oty t)s

e Hot/Pyy(t t0) |, o to) s
e Hot (¢ 1) e~ Hot /Moy 141 t) 1,

|Oé,t0; t>1

so the time evolution operators of these pictures are
obtained with the help of the formula

Ur(t,to) = eot/MY(t, tg)eHoto/h

The matrix elements of the operator U; (¢, ty) can now be
calculated from the relation

(nftdy(t, to)|i) = e Fnt=Et) M inud (¢, to)i).
We see that

e the matrix element (n|U;(t,to)]¢) is not quite the
transition amplitude (n|U(t, to)l7),

e the transition probabilities satisfy
[(nledr (¢, o) |9)]* = |(nltd(t, to)]3) .

Note If the states |a’) and |b’) are not eigenstates of Hy
then

(VU1 (¢, to)[a")|* # [(V'|eA (2, o)) .

In this case the matrix elements are evaluated by
expanding the states |a’) and |b’) in the base {|n)}
formed by the eigenstates of H.

Let us suppose now that at the moment ¢t = ¢y the system
is in the eigenstate |i) of Hy. This state vector can always
be multiplied by an arbitrary phase factor, so the
Schrodinger picture state vector |i,t0;t0)s can be chosen
as

li,to; to)s = e~ Fito/P|j).

Then in the interaction picture we have
listosto)r = ).
At the moment ¢ this has evolved to the state

- Seuloln

li,tost)r = Ur(t, to)|i

SO
en(t) = (nlUs (t,to)i),

as we already noted.

Now

1. substitute the Dyson series into this

2. expand the coefficient as a power series of the
perturbation

en(t) = (1) + D (t) + D (t) + -+,



3. equalize the terms c%k)

of the order k,

with the perturbation terms

4. denote _ _
ez(EnfEi)t/h — ezwmt'
We get
) = O
. t
W) = -5 [ @iyl ar
ko Ji,
- tei‘”m't'v (t) dt’
h to n
i 2 t t ) ,
2t = <_h> Z/ dt'/ dt” e “rmt V()
m to to

xe it V().

The probability for the transition from the state |é) to the
state |n) can be written as

Pr(i — n) = |ea () = 0 (1) + D (1) + -+ .

Fermi’s golden rule
Consider the constant perturbation

V(t)z{%

switched on at the moment ¢t = 0. At the moment ¢ = 0
let the system be in the pure state |i). Now

when ¢t < 0

(time independent) when ¢ > 0.

WD = 0=
i L
) = —fVm-/ ewnit gy
h 0
Vi ,
— nu 1— Wit .
oy AL

The transition probability to the state |n) is thus

|C(1)|2 — %(2 — 2 oS wpt)
n — |En — EZ'IQ ni
4| Vpil? Gin? (E, — E)t
|E, — E;|? 2h ’
The quantity
E, - E;
w =

is almost continuous because usually the F,, states form
almost a continuum. The transition probability is now

[Vaui?
|6511)|2 = %f(wl
where )

48in” wt/2
f(w) =32 -

w

1600

1400

1200 |

1000 =

800 =

400 =

200 |

—p-y 1/t

€

When ¢ is large then |c,(¢)|? # 0 only if

21 21h

R — = .
w ‘En_Ez‘

If now At is the time the perturbation has been on then
transitions are possible only if

AtAFE =~ h.
Note If the energy is conserved exactly, i.e.
En = Ei7

then

S0P = 5 Vil

h
The transition probability is proportional to the square of
the on-time of the perturbation (and not linearly
proportional to the time).
In general we are interested in transitions in which the
initial state |i) is fixed but the final state |n) can be any

state satisfying the energy conservation rule

The total probability for such a transition is now

Pr(i — f)
= > PP
E“LEl

- / dE, p(E,)| PP

_ F. 12
= 4/81112 |:(En El)t:| |an| Qp
2h |En - Ei|

(E,) dE,.



Here p(F) is the density of states, i.e.

p(E)dE = the number of states between(E, E + dE).

Because )
. 1sin“xt
t11>r20 ; th - 6(3;)’
we get
1 E, — E; 7t E, — E;
li ..o Lin ’Lt _ 75 n i
e (B - B2 2R 472 < 2h
Tt
= —0(E, —E;).
T 3(Bn — )

The transition probability is thus

B

) . 2T\ ———
i Prti = )= (57) WaPotE],

where |V,,;|2 is the average of the term |V},;|2.

Note The total transition probability depends linearly
on time t.

The transition rate w is defined to be the transition

probability per unit time. We end up with the Fermi

golden rule
d
i (zeor)

= () Waroie)

Quite often this is also written as

’wi_,f

2
Wi—n = ( ﬂ-) “/;L’L| 5(E _E)

but then one implicitely assumes that it will be integrated
in the expression [ dE, p(Ep)wi—p - -

Second order corrections
In the second order we got

D)y = () Z/ dt/ dt"" eiwnmt

iwmit”
X etWmi sz ( ,

o (1)

so in the case of the potential

V(t) = 0, when ¢t <0
| V' (time independent) when ¢t > 0.

we have

(2 = (_) > Vo / at ¢t / " omt
Z nm mi
- ﬁzm:Em—El

Above

(eiwmt/ _ piwnmt’ )dt'

o A . . 1 .
e the term et is same as in the coefficient 051 ), S0 it

contributes only if F, ~ E; when t — oo.

e if F,, in the term e'“nmt’ differs from E,, and at the
same time from FEj; it oscillates rapidly and
contributes nothing.

So we can write

p(En)

Vit L5,

E.~FE;

In the second order the term V,,,,,V,,; can be thougth to
describe virtual transitions

i) — m) — [n).

Harmonic perturbations
Consider the potential

V(t) = Ve + Ve ",

which is again assumed to be switched on at the moment
t = 0. When t < 0, the system is supposed to be in the
state |¢). The first order term is now

-
Cg) _ _l/ (Vnieiwt + V:gie—iwt ) etwnit’ gg!
h Jo
_ l 1 — ilwtwni)t | 1 _ elilw—wni)t VT,
h w + Wp; m —wHwy ™

This is of the same form as in the case of our earlier step

potential, provided that we substitute

En - E1
h

Wni = — Wny T w.

When t — oo, |cn )|2 is thus non zero only if

E,~E;,—hw

Wni +wx0 or

Wni —w =0 or

Obviously, if the first term is important the second one
does not contribute and vice versa. The energy of a
quantum mechanical system is not conserved in these
transitions but the ”external” potential either gives
(absorption) or takes (stimulated emission) energy
to/from the system. Analogically to the constant
potential the transition rate will be

Wi—n =

Z%WMF(S(EH — B + hw).



Energgy shifts and line widths

Evolution of the initial state
We consider the case where the initial and final states are
the same. We switch the interaction on slowly:

V(t) = e"V.

Here n — 0 at the end.
We suppose that in the far past, t = —oo, the system has
been in the state |7).

Check
If n # 4, then the perturbation theory gives
O = 0
. t
D) = —%Vm» , Jim e eonit’ gy’
0——00 to
i ent—i—iwmt

Vi ———.
h 1N+ tWn;

Up to the lowest non vanishing order the transition
probability is
) |Vnz|2 627715
len®"~ —5- | ==
h n + Wi

and the transition rate correspondingly
e = 24t (177 )
— 1Cn ~ .
dt n’ 1+ wn

lim ——'—
n—0 n°+ Wni

Now

= 70(wn;) = Thé(E, — E;),
so in the limit  — 0 we get the Fermi golden rule

2
Wiy, A (h> Vi 28(E,, — E).
This is equivalent with our previous result.
Let now n =1i. We get

cgo) =1
M L L L R
¢; ——Vi; lim e’ dt' = ——V;;e"
h " to——co Jy hn
2 i\?

t t/
P ’ ’ ; g1 7
% hm dt/ ezw“nt +nt / dtl/etu)mlt +nt
to— —00 to to
i 2
= -z § |Vmi|2
( h)
m
t L giwmat’ et
x lim dt’ ewimtmt —___

to——00 to Z(sz - 7“77)

.\ 2 2nt
= (_z) |Vii\2672
h 2n

(-5 Vnile™

Thus, up to the second order the coeflicient ¢; is

(1) ~ 1 LV nt oy s 2|v..‘2ﬂ
& ~ I i€ 7 it 2772
(g

h 2n(E; — Ep, +ihn)

For the logarithmic time derivative of the coefficient ¢; up
to the second order in the perturbation V we get

. 2 2
. C ;L|VZ| 2 (E; —|‘g:|+ ihn)
C; - 7 m#£i
& h i Vi
— ﬁ?
|Vmi|2

Q

" h mﬂEi—Em—ﬁ—ihn’

where we have already set e — 1.
Note We cannot set in the denominator n = 0, because
the states F,, can form nearly a continuum in the vicinity
of Ei-
The logarithmic derivative is thus time independent, i.e.
of form ) _

G(t) i A,

The solution satisfying the initial condition ¢;(0) = 1 is
ci(t) = e iAit/h,

Note A; is not necessarily real.
We interprete this so that the state |i) evolves gradually
like

i) — ci(t)]i) = e ).

In the Schrodinger picture the latter contains also a phase
factor, or

efiAit/h|Z~> — efiAit/ﬁ*iEit/hlw.
Due to the perturbation the energy levels shift like

We expand now A; as the power series in the
perturbation:

A=AY AP 4.

Comparing with our previous expression

we see that in the first order we have
1
AV = v,

This is equivalent with the time independent perturbation
theory.



Because the energies E,, for almost a continuum we can  so I'; —or excluding the factor -2, the imaginary part of

in the second order term the energy shift— is the width of the decay line and the
5 real part of the energy shift what is usually called the
Z % energy shift.
mti B = E + ihn In the case of harmonic perturbations we can repeat the

same derivation provided that we substitute
replace the summation with the integration. To handle

the limit 7 — 0 we recall from the function theory that FE, - FE;— FE,, — FE; £hw.

oo
lim M
e—0+ | z+ 1€

_ [T fR) :
dz-p/_oo7dz—z7rf(0),

where p stands for the principal value integral. A
common shorthand notation for this is

1 1

i =p— —ind(x).
E%x+i6 b ()
Thus we get
Vini|?
R A(2) _ | mi
e(A;”) pz'iEiiEm
m#i
m(AP) =~ 3 Vi PO(E: — Ey).
m#£i

The right hand side of the latter equation is familiar from
the Fermi golden rule, so we can write

Z Wi—m, = 2% Z \Vmi\zé(Ei - By = f%Im |:Az(2):| )

The coefficient ¢;(t) can be written with the help of the
energy shift as

ci(t) = e~ W/MIRe(A)A+A/M)Im(A:)E]

We define

r; 2

Then
|Ci(t)|2 — e2Im(Ai)t/h — e—Fit/h.

Thus the quantity I'; tells us at which rate the state |7)
disappears. The quantity

T — —

T

is thus the average life time of the state |i).
In the Schrodinger picture the time evolution is

. 13 A
ci(t)eszit/h _ /f(E)eszt/th’
27
where the energy spectrum
f(E) — /e—i[Ei+Re(A7¢)]t/h—I‘it/2heiEt/h dt

is the Fourier transform of the coefficient ¢;(t)e=#/",

Now

1
X (B~ [Bi + Re(A)]}? + T2/4°

[F(B)?



Radiation and matter
We handle the interaction of radiation and matter
semiclassically:

e the radiation field classically,
e the matter quantum mechanically,

e OK, if there is large number of photons in the
volume ~ A3,

e in the case of the spontaneous emission we impose a
fictive field equivalent with the quantum theory.

The vector potential A of the classical radiation field can
always be chosen to satisfy the transverse condition:

V - A = 0. The electric and magnetic field are obtained
from the vector potential as

10
E = ———A
c Ot
B = VxA.

The energy flux —energy /unit area/unit time— is

c (E? B2
u — max max .
¢ 2 < 8T + 8m >

For a monochromatic plane wave we have

A= AOé [ei(w/c)’ﬁwwfiwt + €7i(w/c)ﬁ"w+iwti| :

where m and € are the directions of the propagation and
polarization of the plane wave. Due to the transverse
condition

V-A=0
we have €L n. The energy flux is then

1 2
cU = — | A2
21 ¢

A particle in the radiation field has the mechanical
momentum

i) -

2
- p2%4.p+ 5%
c &

2

e e e
pPP—-p-A--A.p+ 5 A®

C C C

since due to the transvers condition
p-A=A p.

The Hamiltonian of an electron in the field is now

1 e \2
" = 2me (p— EA) +ed()
2
P e
o, ep(x) mecA P,

when we drop off the term |A|?. Now

_< € >A-p
meC
s
mecC

% [ei(w/c)’fl-w—iwt n e—i(w/c)’fbw—&-iwt} _

Earlier we saw that in the case of the harmonic potential
V(t) = Vel + Yieivt

transitions are possible if

Wni+w=x0 or FE,~F —hw
Wni —wx0 or FE,~FE +hv,
or
e™! «—— stimulated emission
e~ « absorption.
Absorption

In the case of the radiation field,

Vi = Ao (ei(w/c)fl-w .

ép)
meC ni

is the matrix element corresponding to the absorption.
The transition rate is then

o2r €2 , 5
Wisy, = %%MOFKMJ(“/C)”’%%~p|i>|2
x8(En — By — hw).

‘We should note that

e if the final states |n) form a continuum we integrate
weighing with the state density p(E,,).

o if the final states |n) are discrete they, nevertheless,
are not ground states so that their energy cannot be
extremely accurate.

e collisions can broaden the energy levels.

e the incoming radiation is not usually completely
monochromatic.

So we write the J-function as

. g 1
o~ ) =l (50) o]

We define the absorption cross section:

(energy/unit time) absorbed by the atom (i — n)

Oabs =
energy flux of the radiation field

Since in every absorption process the atom absorbs the
energy hw, we have

hww; .y,
Tabs - - 95
’ i “L2A2
2r ¢ 0
2r & 2 i(w/c)T-T 12
w5 Aol |(nle & pli)
- 1 w?
2 AN
2m ¢ 4ol

2 .
o) linler e gl

x6(En — E; — hw).



Here e?/Fic is the fine structure constant o ~ 1/137.

In order the absorption to be possible the energy
quantum hw of the radiation must be of the order of the
energy level spacing:

_—— Ze? Ze?

(aO/Z) - Ratom’
when Z is the atomic number. Now
_ A ~ ChRatom ~ 137Ratom
T ze2 T Z

c
w 21

or
Ratom ~ 4

~

A 27137

We expand the exponential function in the expression for
the cross section as the power series

<1

ei(w/c)fl'w _ 1—1—287133-1-
C

Now

w w VA VA

—(n-x)~—R ~——R =—,

¢ (- @)~ Batom 137Ratom 0" 137
so it is usually enough if we keep only the term 1. We
have then the so called electric dipole approximation.
Thus in the electric dipole approximation

(nle -pli) — & (n|pli).

We choose
€|z and n | 2.
Let the states |n) be the solutions of the problem

p2

Hy|n) = En|n), Ho = S, + ed(x)
Because "
ihp,
[.’II, HO] = 7pa
Me
we have

. m .
(lpeli) = S Gulle, Holld)
i
= iMmewni(n|zli).
Since x is a superposition of the spherical tensors Till) we
get the selection rules

m —-—m = =1

If we had
e & || 4, the same selection rules were valid.
e & || 2, we should have m’ = m, because z = To(l).

In the dipole approximation the absorption cross section
is
Tabs = 412 awn;|(n]z]i) 20 (w — wh).

Integration gives
/Uabs(w) dw =Y A awy|(n]ali)]?.
n

The oscillator strength is defined as follows:

_ 2mewni

fni: A

One can show that it satisfies so called
Thomas-Reiche-Kuhn’s sum rule:

[(nlai)]?.

We see that
42 ah 2
/Uabs(W)dw —Tar 27T2C( € 2) .

2me MeC

This is known as the oscillator sum rule of classical
electrodynamics.

Photoelectric effect

The initial state |¢) is atomic but the final state |n) is in
the continuum formed by the plane waves |ky). In the
absorption cross section we have now to weigh the
function §(w,; —w) with the final state density p(E,,):

A7%h : .~ .
Tabs = —5—al(n[e"“/ IV Te. pli)|?
e
xp(E,)0(E,, — E; — hw).

Under the periodic boundary conditions in the L-sided
cube we have
ikf~x/
, e
(@[kys) = W’
where
- 27mi

ki =
L

When L — oo, the variable n, defined via the relation

,my=0,+1,£2, ...

n? :ni—i—ni—i—ng,

can be considered continuous. Then the volume in the
solid angle df2 bounded by the surfaces n’ = n and

n' =n+dn is n? dn dQ.

The final state energy is

B Wk R n?(2r)?

E
2m. L?

2me

The number of states with the wave vector ky in the
interval (E, E 4+ dF) and in the solid angle is

dn L\?® dk
2 _ 2 f
n deE dE (27r> (sz) iE dQQdE

L\? Me
= — | —=kydEdQ.
2 h

The differential cross section is now
do A7’ ah

45 _ zmekag
df2 miw

n%(2m)®

[(kgle /T e pli)|



Example Emission of an electron from the innermost
shell.

The wave function of the initial state is approximately
like the one of the hydrogen ground state provided we
substitute ag — ag/Z:

3/2

<:B/|Z> r~ g e—in/ao_
ao

The matrix element is now

(ke Te . pli)

—ik;x .
—¢- /de/e L3;2 ei(w/c)’n-w'

x(—ihV) le—zr/ao (Z)S/Z

ao

Integrating by parts and noting that due to the
transversal condition € - n = 0 we have

é. [veiwc)ﬁw'} —0.
We get
(kgle'/OMTe . pli)

he - k (ke wy.p
— Lg/gf/diix/ez(kf Cn)mq/}atom(m/).

Thus the matrix element is proportional to the Fourier
transform of the atomic wave function with the respect of

the variable
WY L
a=ke—(3)n

As the final result we can write the differential cross
section as

d A 1

47 _ gpep, L& K1) = .
ds) MeCw  ag [(Z/a0)2 + q2]

If now € | & and 7 || 2, the differential cross section can
be written using the polar angle 6, the azimuthal angle ¢
and the relations
ky
. 2
(€-Kf)

k¢ (sin @ cos ¢, sin @ sin ¢, cos 6)

k?‘ sin? 0 cos® ¢

5 9 w w2
= K} -2k cost+ (2)
q I I cos + .



Relativistic quantum mechanics

Classical fields

We suppose that the Lagrange function
L = L(gi, ¢:)

of classical mechanics does not depend explicitely on
time. From the Hamilton variation principle

=T-V

ta
) L(q;, ¢;)dt =0, 5qi(t)|t=t1,2 =0

t1
one can derive the equations of motion
d (0L oL
dt 8(]1 8(]@ o

The Hamiltonian function of the Hamiltonian mechanics
is
H=> pigi—L,
i

where the canonically conjugated momentum p; of ¢; is
oL
P 0y
The equations of motion are now

o0H

Op;
_OH
0q; '

¢ =

pi =

Many body system

k- 1) — = K1 7)

(z Da lg

ﬁ+Ua

il /s /e

We consider N identical particles coupled to eachother by
identical parallel springs. The Lagrangian of the system is

L = T-V

N

1 .
3 > [mad = k(migr —m)?]

when 7); is the deviation of the particle ¢ from its
equilibrium position a.
We write this as

[t

N
L = 52 ma} = k(niyr —ni)?

< o[ ()]

= Z aEi.

i

Here £; is the linear Lagrangian density.
We go to continuum by substituting the limits

a — dx

m . .
— — u = linear mass density
a

Ni41 — i n
a ox
ka — Y = Young’s modulus.

——/de,

) o\’
2_ —_—

al Y(&x) ]

In the continuous case the Hamiltonian variation
principle takes the form

6/tt2Ldt
co [ u fae(nn )

ol (2
(3]

/dt /dx {M
an/at) 315(5 )}

/df/d 153

at( (3n/3f)>}6n'

To get the variation to vanish for all jn one must satisfy
the Euler-Lagrange equation

where
1

£:§

oL
9(0n/0x) Ox

o (aan)

9 (o)

o oL o oL oL
oz 0(0n/ox) ~ otd(on/ot) on
When )
_ L2 (00
5—2[/”] Y(@x)]’
then
oL
8777 =0
o o -
Ox 0(0n/ox) ox Or ox?
o o _ o
at donjon) . Mo

Substituting into the Euler-Lagrange equation we get

8277 8277
Yorz T Hop =0



which describes a wave progating in one dimension with

the velocity /Y/p.

We define the canonically conjugated momentum

o
= o
and the Hamiltonian density
H=nr—L.
Now
T = p),

SO
5 1| 5 ()
B = 5 [ Y I

1 ., 1. (on\’
= = “Y|—) .
M T3 (83:)
The Lagrangian formalism generalizes easily to three

dimensions. The Euler-Lagrange equation takes then the
form

8 oL oL

ot 00000 06

.0
237 3¢>/3’Ik)

Covariant formulation
We employ the metrics where the components of a
four-vector b,, are

b/t = (b17b27b37b4) = (b7 Zbo)

In particular the coordinate four-vector is

Ly = (x17l'27173,(134) = (m,'LCt)

Under Lorentz transformations the coordinate vector
transforms according to the equation

/
T, = Quly.

The coefficients of the Lorentz transformation satisfy the
orthogonality condition

—1
Aupap\ = 61/)\7 (a )MV = Ay,

so that
Ty = (a_l)wxfj = Ayu,,-
We define the four-vector so that under Lorentz
transformations it transforms like z,,.
Now
0 Oz, O 0
_— = = -,
3IL 8:1:; ox, o,
so the four-gradient 0/0x,, is a four-vector.
The scalar product of the four-vectors b and c,

3
Cy = ijCj + bycy
j=1

= b‘C—b()C(),

is invariant under Lorentz transformations.

Using the four-vector notation the Euler-Lagrange

equation can be written into the compact form

0 [ oL } oL
0(09/0z,)| ~ 96

We see that the field equation derived from the

Lagrangian density £ is covariant provided that the

Lagrangian density L itself is relativistically scalar
(invariant under Lorentz transformations).



Klein-Gordon’s equation
We consider the scalar field ¢(x) which, according to its
definition, behaves under Lorentz transformation like

¢'(2') = ¢().

Now
= L(¢,0¢/0z).

Since we want

e the Lagrangian density to be invariant under Lorentz
transformations

e a linear wave equation,
the Lagrangian density can contain only the terms

9¢ 99

¢? and .
Oz, Oz,

One possible form for the Lagrangian density is
1/ 0¢ 0
E - _ = ( d) ¢ + M2¢2) .

Oz, Ox,,
Substituting this into the Euler-Lagrange equation

o o ] oo
dz,, [0(0¢/0x,) dp
we get
0 0¢
O, (3:6“) tug=0.
If we employ the notation
_y2_ 19
2 ot?’

we end up with the Klein-Gordon equation

O¢ — p?¢ =0.

Heuristic derivation
We substitute into the relativistic energy-momentum
relation

— pPe = m?c!

the operators

0 1o}
E h— —ih—o,
T PR T ey
and get
52 m2c?
- 4+ Vi =0.
( ot? h? ) ¢
When we set

mc 1

=" ] = length’

we end up with the Klein-Gordon equation.
There are no sources in the Lagrangian density

_ 9¢ 9b | .2
L=- 2<ax#axﬂ+“¢>

so the solution describes a free field. We include the term

—op,

where p is the (usually position dependent) density of the
source. The field equation is now

1nt -

O¢ — p’¢ = p.
When we choose
p=Gi(x)

and seek for a stationary solution we end up with the
equation

(V2 = 12)6 = Go().
We substitute ¢ using its Fourier transform
1 ik ~
w) = ———= [ PkeTh(k),
o1@) = s [ k00
where
Sy = — / B ek ().
(27_(_)3/2

We end up with the algebraic equation

G

(_ _M)é( ) W

of the Fourier components. Its solution is

G 1

o(k) = T PR

Taking the Fourier transform we get the solution

ur
oa)= -2

A

known as the Yukawa potential. Let’s suppose that the
meson field of a nucleon at the point x; satisfies the
equations
(V3 — 1*)¢ = Go(x1 — x2).
Its solution is thus the Yukawa potential.
G e MT2—Z1|
Ty)=———"——.
¢( 2) 47 |$2 —:L’l|
Because the Hamiltonian density was
H=nmr—L,
the Hamiltonian density of the interaction is
Hint = _Lint

and the total interaction Hamiltonian

Hint :/Hint d3$=/¢pd3x

We see that the interaction energy of nucleons located at
the points x; and x5 is

G e HT2—T1|
g _ G

it 47 |.’132 —CCl| '



Note Unlike in the Coulomb case, this interaction is
atractive and short ranged.

In the reality there are 3 mesons (7+, 7% 77), with
different charges but with (almost) equal masses,
consistent with the thory. We expand our theory so that
we consider two real fields, ¢, and ¢o, for two particles
with equal masses. From these we construct the complex
fields

01t
T A
¢* ¢1 - Z¢2 )

V2

The Lagrangian density for the free fields can be written

using either the complex or real fields:

1 [ 0¢1 Oy 2,9 1 (O¢p2 O 2,9

2 (&mu Ox,, o 2 \ Oz, Oz, HGRZ
0¢* 0 N

= —( 0 ¢+u2¢¢)-

Oz, Ox,

£:

Considering the fields ¢ and ¢* independent we get two
Euler-Lagrange equations

NI
0z, 0(0¢/0x,) 0@
0 oL oL 0

0z, 000" [0x,) 06"

which can be further written as two Klein-Gordon
equations

O¢" —p’¢" =
O¢ — u’¢

We define the first order gauge transformation so that the
fields transform under it like

¢ =
¢!
when A is a real parameter. Let A be now an arbitrary,
infinitesimally small, number. Then

0 iAd
0" = —ido".
The Lagrangian density transforms then as
oL oL 0
5550+ saram? (on. )|
oL _ ., oL 0¢*
+ |5 + e (o)
B {86_ 0 ( oL )]5
= 96~ ow, \0@s/02,)) ]
oL 0 oL 56"
55 = 3 (e )|
3{ oL 56 + oL
Oz, |0(0¢/0x,) 0(0¢™/0x,,)
S (222

Oz, \ Oz, Ox,,

ei)\(b

e—i)\(b*’

oL

+

oo |

In a small neighborhood of the solutions ¢ and ¢* the
Lagrangian density is invarinat so we must have

oL =0.
Thus we get
95
oz,
where " 96
S =t ((%‘H(b_ ¢ 8ac,t> '
We see that

e a complex field ¢ is associated with a conserved
four-vector density s,,,

o if we exchange ¢ «— ¢*, then s, +— —s,,.
We interpret this so that

e s, is the charge current density,

e ¢ carries the charge e,

e ¢* carries the charge —e,

e the previous real field corresponds to neutral mesons.



Photons

We consider a radiation field whose vector potential A
satisfies the transversality condition

V-A=0.

Because the electric and magnetic fields

10
E = ———
c Ot
B = VxA

satisfy the free space Maxwell equations

V-E = 0
0B
E = -
V x o
V-B = 0
1 0FE
B = -2
VX c Ot’

the vector potential satisfies the wave equation
10°A
2
VA= 292 =

We write the vector potential at the moment ¢ =0 as a
superposition of the periodically normalized plane waves
in an L-sided cube,

up, ,(x) = ek T,

like:

Az, )|,y =

Here V = L3 and &
vectors.
Due to the transversality condition we have

,a = 1,2 are real polarization

& k=0,

so the polarization can chosen so that the vectors
(e, &? k/|k|) form a righthanded rectangular
coordinate system. The Fourier components UL o
the orthogonality conditions

1
V/dgm Uk -u;c,’a,

Due to the periodicity conditions the wave vectors can
take the values

satisfy

= b g G-

kg ky, k. =2nm/L, n==+1,+2,....

At the moment ¢ # 0 the vector potential is obtained
simply by setting

—iwt

L ,(0)e
c*k a(O)ei“’t

ko) =
C%,a t) =

where
w = |klc.
Now
A(z,t)
= LV zk: za:(ck,a(t)%(a)eik'w + C}‘cﬂ(t)é(a)e—ikac)
— LV %¥(Ck7a(o) (o) gika | C*k’a(o)é(a)e—ik-x%

where we have employed the four-vector notation
k-z=k-xz—wt=k-x— |k|c.

The Hamiltonian function of the classical radiation field is

5 [(BE +1BP) %

= 5 [ IV x AP+ 1a/00AP] @

H =

A straightforward calculation shows that
H= ZZ 2(w/c)2c”'ic k.o
k «

Because the coefficients

—iwt

Ck:,a(t) = ckﬂ(O)e

satisfy the equation of motion

. 2
C’C,a =W ck,a’

it would look like the classical radiation field were

composed of independent harmonic oscillators.

We define the variables

1 *
o = Z(hatp,)

W

Poo = — (ko= )

With the help of these the Hamiltonian function can be
written as

1
H = Z Z i(P’Z,oz + wQQiﬁ,O)'
k «
Since
OH .
— = -P
oQ k.o k.o
OH .
0Py Ok
the variables Pp,  and @ k.o 2r€ canonically conjugated

and the Hamlltonlan functlon the sum of the total
energies of the corresponding harmonic oscillators.
Thus the classical radiation field can be thought to be a
collection of independent harmonic oscillators. There



e every oscillator is characterized by the wave vector k
and the polarization &®)

e the dynamic variables of every oscillator are
combinations of Fourier coefficients.

We quantize these oscillators by postulating that P,
and k.o Are not any more pure numbers but operators
which Satlsfy the canonical commutation rules

Q.o Pk’ o] O g O
[Qk,a’ Qk/,a/] 0
[Pk;’a? Pkl,a’] = 0.

We define dimensionless combinations af
and Qp, , as

and aTk of
NeY
the operators Pp,

1
wQy,  + P
T L X
1
1‘ .
a = wQp.  —iPp ).
k,a /QFLCU( k,OL k,oc)

It is easy to see that they satisfy the commutation
relations

[0k 000y ] = Opeh O
[ak’a,ak/’a,] = [a}c7a,a}€,7a,}=0.

Note In these relations the operators must be evaluated
at the same moment, i.e. [ag, , aTk, ] stands in fact for
s NeY

the commutator [ag, (£), a}c,ﬂ/ ()]

We further define the Hermitean operator

—
Nk),a - ak}aak,a'

It is easy to see that

[ak7a7 Nk’,a’] ékk’gaa’akﬂ
T T
[ak,a’ Ni' o] _6kk'5aa’ak7a

Due to the Hermiticity the eigenvalues ng, . of the

operator N, . are real and the eigenvectors

Ni altk o) =1k o7k o)

form an orthonormal complete basis.
With the help of the commutation rule

T _ T
[ak,a’ a’} - 75kk/6aa’ak7a

we see that

Nk:,aaTk,alnk:,J = (aTk Nka—I—a )\nka>
= (nka—|—1) |nk o)
Similarly we can show that
Nig ool ho,0) = (M o = Dag o0 o )-

Thus we can write

ak’a\nkﬂ) = c+\nk7a+1>
kol o) =

Because the states |ng, ) are normalized we can calculate
the coefficients as

c_|ng , —1).

el = lerPlg, + Ung, +1)
= (g olag ,0) g )
) ) k,()& ’
= <nk,a|Nk,o¢ + [ak,a7aTk’aan,a>
= nk,a + ]"
|C*|2 = <nk,a|a}rc’aak,a‘nk,a> = nk,a'

We choose the phase of the coefficients so that at the
moment ¢t = 0 we have

O ol ) Ve T 0 T1)
ol o) = kol —1

Because

Nk o = (M o1 VE oM o) = <nk7a|a;§,a%,a\”k7a>

and because the norm of a vectors is always non-negative
we must have
Ng , = 0.

From this we can deduce that the only possible
eigenvalues are

Nk o =0,1,2,....

We interprete

e the state |ng, ) to contain exactly ng, , photons,
each of which is characterized by a wave vector k and
a polarization el

t

e the operator a to create a photon with the wave

vector k and the polarization &,

to destroy a photon with the wave
()

e the operator ag,

vector k and the polarizartion €

e the operator Ny to count the number of photons

with the wave vector k and the polarization e in
the state

The state composed of various kind of photons is a direct
product of individual vectors [ng,  ):

nki,ai’ . >
@, 0,) @

|nk17a1’nk’27a2’ B

- |nk17a1> ® |nk270¢2> ®

The vector |0) stands for the state that has no kind of
photons, i.e.

|0> = |0k1,0¢1> ® |0k32,o¢2> ®



Application of any operator a k.o ODtO this results always
zero. We say that |0) represents the vacuum.

It is easy to see that a general normalized photon state
can be constructed applying operations a}rc N

consecutively:

)nki,ai
10)-

T
(O,
|

nkmai'

II

ki7ai

|nk1,al’nk2’a2’ o > =

t

Note Since the operators a and af,  commute the
k),a k ,a!

order of operators does not matter. The many photon
states are symmetric with respect to the exchange of
photons. We say that the photons obey the Bose-Finstein
statistics or that they are bosons.

Since the numbers N o tell us the number of photons of
type (k,a) in the volume under consideration we call
them the occupation numbers of the state.
Correspondingly the space spanned by the state vectors is
called the occupation number space.

In the quantum theory the Fourier coefficients of a
classical radiation field must be replaced by the
corresponding non-commuting creation and annihilation
operators. Substituting

ko — CcVh/2wap (t)
o — C h/2wa}ca(t)

we get

1 | h (o) ik
A(z,t) = WZC % [ak@(t)e( )eik-®
k.

+aTk’a(t)é(a)e_"k'ﬂ .
Note Here A is an operator defined at every point of the
space whereas A of the classical theory is a three
component field defined at every point. The variables x
and t are both in classical and quantum mechanical cases
variables parametrizing the fields. Fields like the operator
A are called field operators or quantized fields.

Also in the quantum theory the Hamiltonian is of the
form

H:%/(B~B+E~E)d3x.

Substituting the field operator A into the equations

10
EFE = ———
c Ot
B = VxA

and noting that this time the Fourier coefficients do not
commute we get

1
3 Z Z hw(aTk,aakya + akyaa;c’a)
k o

ZZ(N]C,O( + %)hw’
k o

H

where
w = |k|e.

When we choose the energy scale so that
H|0) =0,
the Hamiltonian takes the form
H=>% hoNg_,,.
Lk o
When it acts on a many photon state the result is
Hing oMy 0y

- anmaihw”nkhaﬁnk27a2’ o >
i

The quantum mechanical momentum operator is exactly
of the same form as the classical function (the Poynting
vector):

P = 3/(E><B)d3a:

c

1
T T
% Z §hk(ak,aak»a + akvaaka)

> hk(Ng , + %).
k «

Since here the summation goes over all wave vectors the
term associated with the factor 1/2 will not appear in the
final result the terms ik and —hk cancelling each other.
For the momentum operator we get thus

P =Y kN,
k o

For one photon states we have

Ha}c’a\o) = hwaTk)a|O>
Pa;c7a\0> = hka}c’am),
S0
hw = hlkle = photon energy
hk photon momentum.

The photon mass will be

1
(mass)? = —4(E2—|p|2c2)

The photon state is also characterized by its polarization
¢ Since @ transforms under rotations like a vector
the photon is associated with one unit of angular
momentum, i.e. the spin angular momentum of the



photon is one. We define the circularly polarized
combinations

1
o(E) _ (1) 4 2(2)
e/ =F e’ +ie\”).

We rotate these vectors by an infinitesimal angle d¢
around the progation direction k. Their changes are

d¢
se(®)  — :Ff(é@):l:ié(l))
V2

= FispeD.
We select the propagation direction k as the quantization

axis and compare this expression with the transformation
properties of angular momentum eigenstates

) = (1 52200 im) = (1 = im 60} jm)

We see that

e the spin components of the polarizations e

m = +1.

are

e the state m = 0 is missing due to the transversality
condition.

e our original linear polarization states are 50/50
mixtures of m =1 and m = —1 states.

Hence the photon spin is always either parallel or
antiparallel to the direction of the propagation.
The operators ag, , and a}c are time dependent and so

Nej

they satisfy the Heisenberg equations of motion

1

dk,a = A [H’ ak,a}
i
T h %: Z[h”/Nk’,awak,a]

= —iwak o

like also

%
akﬂfzwaka.

s

These equations have solutions

ko =

Il
2.
—
=
=
9]
.
€
.P#

t
k.o

The final form of the field operator is then

1 h ~(a) iR-T—iw
A(x,t) = WZC“i [akwa(O)e( )ik —ivt
k.o

I a;c (O)é(a)efikﬂﬂriwt} )

,x
We should note that

e the operator A is Hermitean.

e x and ¢ in the expression for the field operator A are
not quantum mechanical variables but simply
parameters which the operator A depends on. For
example, it is not allowed to interprete the variables
x and t as the space-time coordinates of a photon.

e the quantized field A operates at every point (x,t) of
the space where it with a certain probability creates
and annihilates excitation states called photons.
Thus photons can be interpreted as the quantum
mechanical excitations of the radiation field.

We consider photon emission and and absorption of non
relativistic atomic electrons. The relevant interaction
Hamiltonian is of the form

e
Hiyy = ; |: meCA(a:“t) "P;
o2
+WA(CBZ, t) . A((L’Z, t) R
where the transversality condition is taken into account
by replacing the operator p, - A with the operator A - p,.
The summation goes over all electrons participating in
the process. The symbols «; stand for their position
coordinates.
Note If we had to consider the interaction of spin and
radiation we should also include the term

Hi(rill)in) = _Z h

2mec

o [VxA@t)]|p_g, -

This time the Hamiltonian operator Hi,; operates not
only on the atomic states but also on the photon states.
In the quantum theory of radiation

e the vector describing the initial state |¢) is the direct
product of an atomic state A and a (many) photon
state characterized by the occupation numbers ng,  :

i) = |4)® Ing, ) = [Asmp ).

e the vector describing the final state |f) is the direct
product of an atomic state B and a (many) photon
state characterized by the occupation numbers ngs

1) =1A) @ lng ) = [Aing )

Absorption
Now

i) =
1)

In the first order perturbation theory the amplitude of
the process

‘A;nk,a>
\B;nk a 1>.

i) — 1)
is the matrix element of the interaction operator Hy
between the states |i) and |f). Up to this order



e only U o leads to a nonzero matrix element,
eventhough the field operator A is a linear
superposition of creation and annihilation operators
a}c,a and U o> respectively.

e the term A - A is out of the question in this process
because it either changes the number of photons by
two or does not change it at all.

The first order transition matrix element is now

<B;1’Lk _1‘Hint‘A'nk >

= <B nka |

lk 710.) (03
Z\/wka Bimttp, € Ay )

T me 2wV ZB| ka

Comparing this with the matrix element of the
semiclassical perturbation potential
)
nt

€A0 (67' w/c) wé .

mMeC
we see that they both give exactly the same result
provided we use in the semiclassical theory the equivalent
radiation field

e @A)t
V:Li =

A(abs) A(abb ) ik-x— zu.)t

where the amplitude is

abs nk) ahA
A(() ):c\/ 2wV e,

Because the transition probability is

e according to the semiclassical theory directly
proportional to the intensity of the radiation,

|Ap|? o N o
e according to the quantum theory directly
proportional to the occupation number ng, ,

both the semiclassical and quantum mechanical results
give equivalent results also at low intensities, i.e. when
ng ,, is small.

Emission
Now

i) =
1) =
and in the first order the only potential term of the field

1 h (o) JiR-T—iw
A(x,t) = WZC\/%[akﬂ(O)e( ) gike-@—iwt
k.o

+ a;g (O)é(a)e—ikﬁ~1¢+iwt:|

)

[Asng )
|B;”k,a +1)

is aTk N which adds one photon to the final state. The

relevant matrix element is now
<B; nk’a + 1|Hint|A§ nk7a>

nka+1

__ ¢ —ik- ip
iy Z (Ble~ T

Ifnka

‘A> zwt

is very large then

\/ nk,a + 1~ V nk),a’

and the semiclassical and quantum mechanical treatment
coincide.

If ng, , is small the semiclassical method fails completely.
In partlcular the semicalssical treatment of the
spontaneous emission, N o = =0, is impossible. The
semiclassical method can be applied if we insert the atom
into the fictitious radiation field

Alemis) _ Aéemis)efik{lﬂriwt
where
. n + 1A
A(()emls) —c Mé(a).
2wV

The field AC™) is not

e directly proportional to the number of photons ng, _,

e the complex conjugate of the field A@bs),

Example Spontaneous emission from the state A to the
state B.
In the first order the transition rate is

WA—-B
2
_ %|<B; L o Hint| 45 0)[26(Ep — Ea + hw)

2
2r €’ —ik-x; ~(a)
:EW Zi:<3|€ € 'Pi|A>

X5(EB —FEa+ T“Lw).

Like in the photoelectric efect we can deduce that the
number of the allowed photon states p(E, dS2) in the
energy interval (Aw, hw + d(hw)) and in the solid angle d2
® VWP
(2m)® he®
The transition rate of photons emitting into a certain
solid angle is thus

p(E,dQ) = n?dndQ = d(hw) dS.

2
Vw?dQ
(2m)3he®’

2m e*h
h 2m2wV

Wy = Z(B\e_ikmié(o‘) -p;|A)
i

where hw = F4 — Ep.

We consider only hydrogen like atoms so that only one

electron participates in the process and we restrict to the

dipole approximation. Then

e2w

———F—=|(B|p|A
Sz BlPIA) -

waa — a)|2dQ



Earlier we saw that

imeE —EA
Bplay = TEEZEA) )
= —imewacBA.

We let the symbol ©(®) stand for the angle between the
vector g4 and the polarization direction é(o‘), i.e.

cos®W)
cos©?) =

sin 0 cos ¢

sin 6 sin ¢,

when 6 and ¢ are the direction angles of the vector .
Then

2w’

8m2hc?
The total transition rate is obtained by integrating over
all propagation directions k/|k| and summing over both
polarizations:

Wy = |z p.a|? cos? 0@ Q.

e’

2
w=——=|x .
3ﬂ'hc3| Bal

The life time of a state was obtained from the formula
1
- = Z WA—-B;»
TA f

where we have to sum also over the magnetic quantum
numbers m. For example the life time of the hydrogen 2p
state is

7(2p — 1s) = 1.6 x 10 s,

Electron photon scattering
We consider the process

Lo — g o)
i.e.

e before the scattering the atom is in the state A, and
k and & are the wave vector and polarization of
the incoming photon.

e after the scattering the atom is in the state B, k' is

the wave vector and € the polarization vector of
the outgoing photon.

The Hamiltonian of the interaction is

2
e €
Hipy = — A(x,t) - A(x,t) - A(x,t).
= A P A ) A )
Because

e the number of photons does not change in the
scattering,

e in order to be non zero the matrix element of the
interaction must contain products of photon creation
and annihilation operators,

e in the term A - p creation and annihilation operators
appear as linear,

e in the term A - A creation and annihilation operators
appear as quadratic,

only the quadratic term A - A contributes in the first
order perturbation theory.
Only two of the terms of the form

aal, aTa, aa, atal

in the operator A - A have non zero matrix elements
provided that

e al creates a photon of the type (K, é(a/)),

e a annihilates a photon of the type (k, é(a),
and then
<1k/)a,‘ak’aa—rk/’a,|1k’a> =1.
Now

(B 1g o [ Hine| A5 1 )
2

= (Bi1p

A1) A, t)‘A; 1o o)
2

e
(ak,aa}-‘:’}a/ + allre/7a/ak,a)

= B;l roy,
< Ko 2mec?

2h
2V Vww'
B e? 2h 5
" 2me oV Vo

where again the exponential functions e are replaced
by the constant 1 (the long wave length approximation).
In the first order we have thus

~ (@), é(a/)e’i(k—k/)-m—i(a}—w/)t

A; lk a>
(@, é(a’)efi(wfw’)t<B|A>,

+k-x

1

t
) = [ e v a
By,
1 €2 Ah

= = P o5 ne@. @)
ih 2me02 2VVww! AB
t

. 7 ’
></v ez(hw +Ep—hw—FE)t'/h dt,,
0

where w = |k|c and w’ = |k|c. Now

e in the transition amplitude ¢! (¢) the interaction is
in fact of second order: A - A.

e in the second order correction ¢(?)(t) the term A - p
is also of second order.

To collect all contributions up to the second order in the
interaction we have to consider also the correction ¢(?(t),
into which we take all double actions of the operator

A - p. Now
i 2 t t ) ,
(£) 5 o [t
m 0 0

X eiwmi "’ Vm’i (t//) .

(2 ()

Thus there are two possibilities: the interaction A - p can



e at the moment ¢; annihilate the incoming photon
(k, &) and at some later time ¢, create the

outgoing photon (k', é(o‘/)) or

e at the moment ¢; create the outgoing photon
(k',&°)) and at some later time t, annihilate the
incoming photon (k, &®)).

Between the moments ¢; and ¢5 the atom is in the state I,
which normally is neither of the states A and B.

In the intermediate state I there are thus two
possibilities: either there are no photons present or both
incoming and outgoing photons are present. We get thus

(in the dipole approximation)
) / dt; / dt,

1 An
% [Z<B|P . é(oz )|I>ei(EB—E1+hw')t2/h
I

(ih)? 2Vvw
% <I|p . é(a) |A>€i(E17E'Afﬁw)t1/h

+ Z<B|p Y ‘I>ei(EB—EI+7LW)t2/TL
I

(') |A>ei(E1

x(Ilp-¢ EAhw'ﬁl/h]

o Ah ( e >2
h2VvVww'

y Z (@) Nprp-€“)ra
E[ 7EA777,(.U
+(P'€( Npr@-€°)1a
E[—EA+hw/

t
X / dtg ei(EB—EA-‘rﬁw,—hw)tz/h.
0

For the transition rate we get combining the terms (! (t)
and ¢®(t) and taking into account the relation

t
/ eia:t/ dt/
0

/(\c(l) + PP /t)p(E,dQ) dE

(o) () i
L\ 2Vvuww! mec® ) (2m)3 he®

(o) | é(a/)

2

lim = 27td(x)

t—o0

the expression

Wan =

X 5ABé

Ly (@il
Me 4 Er—FE4— hw
(p'é(a))BI(p'é(a/))IA 2
E[—EA‘f'hw/ '

+

Because in the initial state there was exactly one photon
in the volume V' and the flux density of the incoming

photons ¢/V, so the differential cross section is

do o (W
a - "\
A(a))

_ b > (P& Npir(p-e)1a
Me EI—EA—hw

5ABé(a) . é(@')

I
+(P'é(a))BI(P'é(Q ))IA ?
E; —EA—FT“L(.U/ ’

where ry &~ 2.82 x 10~ !3cm is the classical radius of
electron. This expression is known as the
Kramers-Heisenberg formula.

Example Elastic scattering.

Now A = B ja hiw = hw'. Using the commutation
relations of the operators & and p, the completeness of
the intermediate states and the relation

Pap = 1M WABTAB

we can write

~(a ~(a’ 1 ~(a ~(a’
e gl Ezz: [(w-e( Nar(p- &) 4
~p @ar(w &)1
_ Zi( e ar(p-e @) 4
meh — wra ’
where wya = (Ef — Ea)/h.
We see that
Saué ). glah)
Z (p- el Al(p E(a))IA
meh Wra4 —w
+(P eE“Narlp- &) 1a
wra +w
(p-&“Nar(p-e)ra

s

Cw(p- @) arp )
wra(wra +w) '

wra(wra —w)

If w is small then
1 ld(w/wra)
wrA Fw '

WrA
Then

{ é(a/))AI(p'é(a))IA

E\
~ho| =
hN

)
7
—(p- &N ar(p- e(oz)) }

= QZ[ ar(@ - &)

—(z é(a))AI(w . g(a'))IA}

A(a) A(a)])AA

A(a

=mg([z-
=0.



The differential cross section is now
do To 2 4 1 3
a (meh) w ; wra

x[(p &) ar(p - &)

IA

(o)

+(p- &N ar(p- €) 4]

- () ez

WrA
<[(z - €N ar(z - &) a

2
(- &) ap (- &) ]

At long wave lengths the differential cross section obeys

the Rayleigh law or
do 1

aQ >\t

Now

e for ordinary colourless gases wy4 corresponds to wave
lengths in the ultraviolet,

e for the visible light we have then w < w4,

so our approximations are valid in the atmossphere. The
theory explains why the sky is blue and the sunset red.



Dirac’s equation

We construct relativistically covariant equation that takes
into account also the spin.

The kinetic energy operator is

HEKE) _ P
2m’

Previously we derived for Pauli spin matrices the relation
2 _ 02
(0-a)” =|al,
so we can also write

(o-p)(o-p)
2m ’

HEE) _

However, when the particle moves under the influence of
a vector potential these expressions differ. Substituting

p—p—eAfc

the latter takes the form

1 eA\? eh
= —_— _ — . B
2m (p c ) 2mca ’

where we have used the identities
(c-a)(oc-b)=a-b+ioc-(axb)

and

pxA=—ih(VxA) —AXxp.

Let us suppose that for the relativistically invariant
expression

(E?/c*) —p* = (mc)®
the operator analogy

L pom? _ 2 2

?E —p~ = (mc)

holds. Here

0 0
E©P) — ik~ — jhe——
at " oxo
and
p = —ihV.

We write the operator equation into the form
E(©p) E(op)
— o' . p
c c

<ZT“L8 +o- ZFLV) (zha —0o- ZT“LV> é = (mc)?¢.

Oxo 0z

+0-p> = (me)®

or

Here ¢ is a two component wave function (spinor).
We define new two component wave functions

L (zhaao — tho - V) 10)
o o

It is easy to see that these satisfy the set of simultaneous
equations

¢(R)

—mecg®

[zha’ V- zh ] (b(L =

[—zha’ V—zha }¢(R) = —mc¢(L).

We define yet new two component wave functions

Ya = ¢ 4o
vp = ¢! — gl

These in turn satisfy the matrix equation

—th —zho \Y% ( )_mc<¢A)'
Yp

tho -V ih 3:5
We now define the four component wave function

= (3)-(2822)

¥ $R) _ (L)

and the 4 x 4-matrices
o 0 —iO’k
e = ( ior, 0 )
_ 1 0
Y4 = 0 —1 .

We end up with the Dirac’s equation

YA
(2]

<7~V+74 )¢+ngcwo

0
8(2.%‘0)

for free Spin—% particles. Employing the four vector

notation the equation takes the form

0

Note The Dirac equation is in fact a set of four coupled
linear differential equations. The wave function 1) is the
four component vector

Y1
(>
¥3
Y4

This kind of a four component object is called bispinor or
Dirac’s spinor. Explicitely written down the Dirac
equation is

ii{% aﬁa ., <?>5aa}wﬁ=0~

p=1p=1

IS



Note The fact that the Dirac spinor happens to have
four components has nothing to do with our four
dimensional space-time; 13 does not transform like a four
vector under Lorentz transformations.

It is easy to verify that the gamma-matrices (Dirac
matrices) vy, satisfy the anticommutation rule

{’Y;La Wt = VYV T VY = 25uu~

Furthermore, every v, is Hermitian,
Y =Y

and traceless, i.e.
Trv, = 0.

Let’s multiply the equation

mc

0
(7 + gty 2 5

on both sides by the matrix v4 and we get

b =0

<ch’y4’y Vzha>w+’y4mc 1 = 0.

Denote
8 =
o =

which satisfy the relations

{or, 8} = 0
go=1
{ak,al} = 25]@1'

When we now write
H = —icha -V + fmc?,
the Dirac equation takes the familiar form

in2?

We define the adjungated spinor 1 like:
¢ =1l
Explicitely, if v is a column vector

1
(0
w3 |7
n

Y=

then ¥ and 1) are row vectors

o= )
1;[} (Tﬁf»?ﬁ;»—ib;a—?/fl)

Forming the Hermitean conjugate of the Dirac equation

0 me
(WM¢+n)¢—O

we get

0

Ly

0
ot
Oazkd} Vi +

We multiply this from right by the matrix 74 and end up
with the adjungated equation

Ja - me -
_(’“)Tc,lw’m 777/1

Here we have used the relations

a 9 9
ox;  O(ict)*  Omy
Yev4 = TY4Vk-

Let’s multiply the original Dirac equation

0

from left with the adjungated spinor 1) and the
adjungated equation

6 me -
w’m + 71# =0
from right with the spinor ¢ and subtract the resulting
equations. We then get

9 _
87%(1#7”1?) =0.

The quantity

s = ichyab = (vl e, icply)
thus satisfies a continuity equation. According to Green’s
theorem we have

/1/_1’741/1 = /wTw d®z = constant,

where the constant can be taken to be 1 with a suitable
normalization of 1. Because ¥y41 = ¥4 is positively
definite it can be interpreted as a probability density.
Then

s, = ichy = el agt)

can be identified as the density of the probability current.
Note It can be shown that s, transforms like a four
vector, so the continuity equation is relativistically
covariant.

It can be proved that any sets of four matrices 7, and 'Y;IL
satisfying the anticommutation relations

{7,ua '71/} 26;},1/
{’Y;n ’71,/} = 25,uuv



are related to eachother through a similarity
transformation with a non-singular 4 x 4-matrix S:

Sv,S™t = Vour

With the help of the matrices 'y; the original Dirac
equation can be written as

)
(S%Sax n ”;f) S=15y = 0.
o

Multiplying this from left with the matrix S we get

where

W = S

Suppose now that

E ~md?,

ledy| < mc?
and measure the energy starting from the rest energy:

ENR) — 2,

We expand
A _ 1 2me?
E—eAg+mc®  2m [2me® + EONR) _ e Ay
1 EMNR) _cq
L BT 4 |
2m 2me?

This can be taken to be the power series in (v/c)? since
ENR) _ Ay~ [p— (eA/c)]?/2m ~ mv? /2.

Taking into account only the leading term we get

Thus Dirac’s equation is independent on the explicit form 1 eA cA (NR)
of the matrices ~,; only the anticommutation of the o \P— )9 \P™ Ya = (E —edo)Pa.
matrices is relevant. If the matrices +;, are Hermitean the ) )

This can be written as

transformation matrix S can be taken to be unitary. It is

easy to show that then the probability density and 1 AN 2 ek NR

current, for example, are independent on the ~—|p——) —5 -0 -B+edy|a= E )wA'
> pie, p 2m c 2mce

representation:

1/7%21// = Pyt Up to the zeroth order of (v/c)? the component 14 is
thus the two component Schrédigger—Pauli wave function
(multiplied with the factor e~¥™¢"t) familiar from the

non-relativistic quantum mechanics. The equation

_ [0-. (p_ 614)] Yy = —%(E—BAO +m62)w3

c

Vector potential
When the system is subjected to a vector potential

A, = (A, iAy),
tells us that the component ¥ p is roughly by the factor
lp — (eA/c)|/2me = v/2¢

we make the ordinary substitutions

—ih(0/0x,) — —ih(0/0x,) — eA,/c.
"less” than 14. Due to this, provided that E ~ mc?, ¥4
is known as the big and ¢ as the small component of the
Dirac wave function .

We obtain relativistic corrections only when we consider
the second or higher order terms of the expansion

The Dirac equation takes now the form

0 ie mc
(6% - HCAM) WY+ 7 =0.

Assuming that A, does not depend on time the time & 1 [ 2mc? }
dependence of the spinor ¥ can be written as E—eAg+mc®  2m |[2mc® + EOR) _ eAo
b= (@ )|,_ge P _ L[, B -edy ]
2m 2mc? '
Let us write now the Dirac equation for the components
W4 and Vg Let us suppose now that
A=0.

1(E —eAg — m62)¢A
c

)
N
he}
|

()
R
N———
<
(o]
Il

The wave equation is then

*E(E —eAy +me*)Yp. Hatba = ENVyy,

c

\

R
N
i)

\

‘m

BEES

N———
<
N
Il

where

With the help of the latter equation we eliminate ¥g
from the upper equation and get

o (D) el [ ()]

ENR®) A
—7260 (o -p) +eAo.

2mce

Hy= (U'P)% <1

This wave equation looks like a time independent
Schrédinger equation for the wave function 4.
= (Hewexkr— mc?)Y 4.



e cvaluating corrections up to the order (v/c)? the
wave function 4 is not normalized because the
probability interpretation of Dirac’s theory requires
that

[@ha+vbva) iz =1,
where 1 already of the order v/c.

e explicitely writing down the expression for the
operator H 4 we see that it contains the
non-Hermitian term ¢hE - p.

e the equation is not an eigenvalue equation since H 4
(NR)

itself contains the term E .
Up to the order (v/c)? the normalization condition can
now be written as

T p’ 3

because according to the equation

c

_ {o-. <p— M)} g = —%(E— eAo +mc*)Yp

we have

o-p
Vp ~ TwA-
me

It is worthwhile to define the new two component wave

function W:
U =OMq,

where )
p
Q=1+ .
8m2c?

Now W is up to the order (v/c)? normalized correctly
because

2
/\IJT\I!d%%/wL (1+ 4£QCQ>wAd3x.

We multiply the equation

Hapa = BNy,
on both sides with the operator
Q' =1-(p*/8m3c?),

and get
QO THAQ ' = ENR =2y,

Explicitely, up to the order (v/c)? this can be written as

2 2 2

p p p

P - LY
{Qm+€ 0 {8m2c2’(2m+€ 0)}

o (NR) _,
e (E 2 A") o -p)|u

2m 2me

2
— E(NR) (1 _ D U
Am2e?

Writing E&N®p? in the form ${EN®) p2} we get

2 4
p p
— Ay — ——=—=
{Qm +edo 8m>c?

+8m17262 ({p% (B — o)}
=20 p)(E®N — eo) (o -p)) } v
= ENR g,
Because for arbitrary operators A and B
{A? B} —2ABA = [A,[A, B]]
holds we can, by setting

o-p = A
ENR) _c4y = B

reduce the equation into the form

2 4
p
TNy SO
2m +edo 8m3c?

eho - (E x p) eh?

— - V-E|VY
4m?2c? 8m?2c?
= ENR)y,

In the derivation of the equation we have employed the
relations

lo-p, (ENY —eAg)] = —icho E
[0 -p,—icho-E] = —eh’V-E
—2eho - (E X p),

the validity of which can be verified by noting that

V4, = —-FE
VxE = 0.

The resulting equation is a proper Schrodinger equation
for a two component wave function.

Physical interpretation

We look at the meaning of the terms in the equation

2 4
p p
L Ap— 2
2m +edo 8m3c?

eho - (E x p) eh?

— — V-E|VU
Am2e? 8m?2c?
= ENR)g,

2
1. The term Qpﬁ + eAy gives the non-realtivistic
Schrédinger equation.

4

2. The term — 3 P =— is a relativistic correction to the
m°c
kinetic energy as can be seen from the expansion
2 4
2 _ Pl p|

212 2.2 _ _ 1P
(mc2)? + |p|2c? — mc o SmPe

2



eho - (E X
3. The term —#

between the spin of a moving electron and electric field.
Intuitively this, so called Thomas term, is due to the fact
that the moving electron experiences an apparent
magnetic field E x (v/c). If the electric field is a central
field,

describes the interaction

eAy =V (r),

it can be written in the form

eh h 1dV
pze Bxp) = g (<)o)
1 1dV
= — 8. L
o2m2e? r dr ’

where we have substituted
S =ho/2.

So we actually have a spin orbit interaction.

2
4. The term — efg 5V - E is known as the Darwin term.

Its meaning can be deduced when we note that V - E is
the charge density. For example, in the hydrogen atom
where V- E = —ed(x) it causes the energy shift

8m?2c? m2e?

242 242
/ e’h 5(w)|¢(Schr6)|2 d3$ _ e’h |w(Schr6)|2
8

=0

which differs from zero only in the s-state.
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